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1 | INTRODUCTION

The Network Design Problem (NDP) is a foundational problem in combinatorial optimization that consists of determining the
optimal structure of a network while achieving specific objectives and simultaneously satisfying resources, capacity, demands,
and budget constraints”. The NDP generalizes many classical optimization problems, such as the Steiner tree, the facility
location, the multi-commodity flow, the shortest path, and the spanning tree problems, and serves as a unifying framework
for modeling numerous network-based real-world applications®*?. In its most common formulation”, the input graph of the
NDP is loopless, undirected, and has no parallel edges. Throughout this article, we shall adopt this convention and restrict our
attention exclusively to graphs of this type.

Consider a connected graph G = (V, E), with vertex-set V and edge-set E, and a weight function w: E — (Qf that associates
each edge in E with a nonnegative rational number. For every spanning tree 7 of G and every two distinct vertices u, v € V, let

P!, denote the path between u and v in T (we assume P!, = (), and define the weighted path-length between u and v in T as

F(u,v) = Z w(e).
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TABLE 1 A summary of known A/P-hard versions of the NDP.

Problem Hardness & Approximability Reference
NDP N'P-hard !
Minimum k-spanning tree NP-hard and approximable to within a factor 3

Maximum leaf spanning tree NP-hard and approximable to within a factor 3 i
Minimum degree spanning tree NP-hard and approximable to within a factor 3/2

NP-hard to approximate within a factor ¢, for some ¢ > 1 o

Balanced Mini Evolution Probl . e .
alanced Mimmuin Evolution Froblem NP-hard and approximable within a factor 2 for metric instances

Fixed-tree Balanced Minimum Evolution Problem NP-hard to approximate to within a factor ¢”, for some ¢ > 1

Then, for a given rational B > 0, the NDP consists of finding a spanning tree 7 of G with T = (V, E’) that solves the following
optimization problem:

min Z Ly (u,v)
u,veV

s.t. Z w(e) < B.

ecE’

The NP-hardness of the NDP was first established in 1978 by Johnson et al”. Since then, numerous A"P-hard variants of
the problem have been proposed in the literature®. Noteworthy examples that are particularly relevant to this work include
the minimum k-spanning tree problem®, which seeks a minimum-length tree spanning at least k vertices of a given graph; the
maximum leaf spanning tree problem"™, which aims to find a spanning tree with the maximum possible number of leaves; and
the minimum degree spanning tree problem”, which consists of finding a spanning tree that minimizes the maximum vertex
degree. Table [ outlines the key references for these problems, along with their known complexity and approximation results.

In this article, we focus on a family of network design problems that originate from the context of hierarchical clustering =",
where the goal is to identify a tree-like structure of nested clusters based on a given dissimilarity measure among a set of
input items. These problems are closely related to the Balanced Minimum Evolution Problem (BMEP), a highly nonlinear
NP-hard optimization problem™ that has been extensively studied in molecular phylogenetics ™™™ Given a set of items
I'=1{1,2,...,n}, with n > 3, and an associated dissimilarity matrix D = {d;;}, the BMEP asks for a spanning tree 7" with
leaf-set I, internal vertices of degree 3, that minimizes the length function

S a2,

ijeT
where d;; = 0, for all items i € I, and T,-jT = IE(P;)I is the path-length between the leaves i and j of T

The BMEP is particularly difficult to solve. State-of-the-art exact algorithms are currently unable to solve instances with more
than 32 items within one hour of computing time on modern hardware®. This fact has motivated several research efforts aimed
at reformulating specific aspects of the problem in order to improve tractability. Some of these efforts focus on transforming
distance-based information into edge weights of suitable graphs, thereby reducing the problem to variants of the NDP under
strict degree constraints. Most such approaches are heuristic in nature and often rely on learning or predicting edge weights
rather than optimizing them explicitly “*~*.

Other lines of work currently under development address the exponential terms appearing in the BMEP objective function,
which may cause severe numerical stability issues even for moderately sized instances. These approaches approximate the
exponential terms by polynomial expressions (using, for instance, first or higher-order approximations) so as to preserve the
hierarchical structure of the problem while improving numerical stability. Some of these approximations naturally give rise
to equivalent maximization problems, whose computational complexity has not yet been fully characterized. Alternative, but
related, lines of investigation examine whether reducing the diameter of the optimal solution to the problem by allowing internal
vertices to have degree larger than 3 may alleviate numerical stability issues.
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Contributions.

In this article, we address as broadly as possible some complexity issues connected to these attempts. To this end, we denote by
©F the set of trees with n leaves whose internal vertices all have degree exactly k, where n and k are positive integers such that
(n—2)/(k—2) is an integer equal to the number of internal vertices. Moreover, we denote by Q,’; the class of connected graphs
admitting at least one spanning tree in ©%. Then, our contributions can be summarized as follows.

We first show in Section B that the following problem is strongly NP-hard:

Problem 1 (The k-NDP). Given a graph G = (V,E) of Qfl and a weight function w : E — Q, find a spanning tree T of G
belonging to ©* that minimizes Zwev Ly (u,v).

We then study the complexity of two versions of the NDP that arise when the objective function depends on the number of
edges in the path between pairs of leaves. To formulate them, consider the following connected graph GX = (I' U V;, E). The
sets ' and V; are disjoint, with II'l = n, IVl = (n — 2)(k — 2), and the edge set is

E={uw:uveV,u#v} U {w:uecl,veV}

We say that T is a I-tree of G, if T is a spanning tree of G¥ belonging to ©% and has I" as leaf-set. Figure [ shows an example
of a possible I'-tree for a graph GX with n = 8 and k = 3.

Now, let Dr denote a symmetric matrix of order n = II'l, whose entry dj; belongs to QQf is a measure of the dissimilarity
associated with the vertices i,j € I". Then, we consider the following two problems:

Problem 2 (The Min-(k, 7)-NDP). Given G* and a matrix Dr = {d;}, find a I'-tree T that minimizes ) _, jer dijTi]T .
Problem 3 (The Max-(k, 7)-NDP). Given G* and a matrix Dr = {d;}, find a I'-tree T that maximizes ) _, jer d,'j’TiJT .

We show in Sections B and B that Problems B and B are AN'P-hard. To simplify the relative proofs, we will first present the
complexity results for the special case k = 3; we will then extend these results to generic k > 3. Building on these results, in
Section B we explicitly address several reformulations that have been proposed in the literature to improve the tractability of
the BMEP. We show that A'P-hardness persists when the exponential objective function is replaced by polynomial (linear or
nonlinear) approximations. In particular, we prove A/P-hardness for both the minimization and maximization variants induced
by these polynomial approximations. Moreover, we highlight that these results hold even when the topology is fixed. For ease
of reading and cross-referencing, we summarize in Table D the main novel complexity results presented in this article.

FIGURE 1 The graph G = (I' UV}, E). The vertices in I are arranged along the dashed annulus, while the vertices in V;
form a clique depicted inside the shaded region. Each vertex in I' is adjacent to all vertices in V;. Bold edges form a I'-tree.
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TABLE 2 New N P-hardness results for specific versions of the NDP proved in this article.

Problem Reference Problem Reference
k-NDP Theorem 0 i_e];l]f;r;stricted Theorem B
Min-(k, 7)-NDP  Theorem B ﬁ?jiZfii-NDP Theorem [
Max-(k, 7)-NDP  Theorem B ﬁ’;c_l('zef)_NDP Theorem B

Before proceeding, we introduce further notation and definitions that will prove instrumental in the remainder of the article.

2 | NOTATION AND DEFINITIONS

Let G = (V, E) be a graph with vertex-set V and edge-set E, respectively. We denote the vertex-set and edge-set of a subgraph H
of G by V(H) and E(H), respectively. Let U C V and E' C E be two nonempty subsets of vertices and edges of G, respectively,
and let E(U) = {uv € E: u,v € U} and V(E') = {u,v € V: uv € E'}. Then, we denote by G[U] = (U, E(U)) the subgraph of
G induced by U; by G\ U the subgraph G[V \ U] induced by V \ U; and by §(U) the cut of U, i.e., the subset of edges uv € E
such that exactly one of u and v belongs to U. For the sake of notation, when U = {u} we simply write §(u) instead of 6({u}).
For a fixed vertex u € V, we denote by 10(«)| the degree of u and by 6(G) the minimum among all degrees of the vertices of G.
Finally, if the subsets U, W C V are disjoint, then we denote by (U, W) the cut of U and W, defined as the subset of edges
uv € Esuchthatu € Uandv € W.

We say that two given graphs G’ = (V’,E’) and G” = (V",E") are isomorphic if they satisfy the standard notion of graph
isomorphism provided in*.

Let T = (V,E) be a tree. The root r(T) of T is a chosen vertex of T. A vertex of T is internal if it has degree at least 2, while a
leaf of T is a vertex of degree exactly 1. We denote the set of leaves of T by I'(T). The lowest common ancestor in T of two
vertices u# and v in V is the unique internal vertex x of 7 such that

=min{rl,: 7}, =71, forallx’ € V}.

Tur
The height of a tree is the maximum among the path-lengths between the root and every leaf. A cherry in T is a pair of distinct

leaves of T that are adjacent to their lowest common ancestor.

Atree T' = (V/,E') is a subtree of T if V' C V and E' = E(V’), while T’ is a I'(T)-subtree if T’ is a subtree of T and
T(T") C I(T). Two subtrees of T are disjoint if their vertex sets are disjoint.

Atree T = (V,E) is k-ary, for some integer k > 3, if each internal vertex of T has degree at most k. By definition, every tree in
O is k-ary, and we refer to trees in ©3 as cubic.

Throughout this paper, we consider rooted trees as subtrees of trees in ©% and therefore introduce several additional definitions.
A k-ary tree T is said to be full if 16(r(T))l = k— 1 and I6(u)l = k for every internal vertex u # r(T), while T is perfect if it is full
and the path-length between the root and any leaf equals the height of the tree. By definition, any perfect k-ary tree has (k—1)"

leaves. Furthermore, perfect k-ary trees minimize ), Jera) TijT -

We note that if T is perfect k-ary and T = (Vi,E;) and T, = (V,, E,) are two disjoint I'(T)-subtrees with heights h; and Ay,
respectively, then the set R(T', T») of all lowest common ancestors of pairs of leaves (i, ) with i € I'(T}) and j € I'(T,) consists
of a single vertex. We denote this vertex by r(T}, T»). Furthermore, if R(T, T») = {r(T}, T»)}, we say that T} and T, are adjacent
if there exists a perfect k-ary ['(T)-subtree ?, rooted at (T, T») and of height max{h, h,} + 1, such that I'(T) UT'(T,) C F(?)
(see Figure D).
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FIGURE 2 A perfect 3-ary tree T together with three disjoint perfect 3-ary I'(T)-subtrees T}, T», and T3, highlighted by
bold edges and black vertices. Since r(T}) = r(Ty, T>) and T is the smallest perfect 3-ary tree of height 3 containing both 7', and
T3, the subtrees 7T and T, are not adjacent. For the same reason, 7 and 73 are not adjacent. In contrast, because TZETZ’TS)J =2,
for every i € I'(T,) U I'(T3) and the heights of 7, and T3 are 1 and 0, respectively, the subtrees 7, and T3 are adjacent.

A tree T is a caterpillar if T\T(T) is a path. If a caterpillar belongs to ©F, for some appropriate n and , there exist exactly
two disjoint subsets of leaves I'y, I’ C I'(T) of cardinality k — 1 such that, for every i,j € 'y and i',j € T', (i,j) and (7',})
are cherries (see Figure B). A folklore result shows that a tree in ©F is a caterpillar if and only if there exist two leaves whose

path-length is (n — 2)/(k—2) + 1.

FIGURE 3 On the left a perfect 4-ary tree. On the right a caterpillar belonging to @‘1‘0.

Suppose that T is a caterpillar belonging to ©X. We say that 7" is a comb of T if T’ is a I'(T)-subtree and every internal vertex
of T’ has exactly degree k but two that have exactly degree k — 1 (see Figure H). These last two vertices are the extremals of the
comb. Note that a comb T” of T is such that for every i € I'(T") there is j € I'(T") for which 7',»17 " =3 holds. A tree is a comb if it
is isomorphic to a comb of some caterpillar.

Let T be a perfect k-ary tree and let IV C I'(T). A perfect k-ary I'(T)-subtree T’ is said to be maximal in T if T(T") C T
and there does not exist any perfect k-ary I'(T)-subtree T such that T'(T") C T'(T"”) C I". Similarly, let T be a caterpillar
tree and let IV C I'(T). A comb T’ of T is maximal in T" if T'(T") C I"” and there does not exist any comb 7" of T such that
I(T") C T(T") C T".

A tree T is a quasi-caterpillar if there are two I'(T)-subtrees T’ and T”, hereafter referred to as wings of T, such that T\(T"UT"")
is a comb (see Figure B). When T’ and T" are both perfect k-ary trees with the same height, then we say that T is a balanced
quasi-caterpillar. By definition, every caterpillar belonging to ©F is a balanced quasi-caterpillar.

RERENE T/%TTTT

T/

T//

FIGURE 4 On the left acomb T’ (highlighted with bold edges) of a cubic caterpillar. On the right a cubic quasi-caterpillar,
with wings T and T" (highlighted with bold edges).
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We define a k-ary distribution of a perfect (k + 1)-ary tree T as a family of pairwise disjoint perfect I'(T)-subtrees T', ..., T* of
height 0 < 41 < 7y < ... < hy such that T" is adjacent to 7!, for all i € {1,...,s—1}. We say that I" C I(T) forms a k-ary
distribution of T if there exists a k-ary distribution T such that IV = Uzc<T'(T). Note that, if ¢ is the k-ary expression of "I,
with s non-zero digits, a k-ary distribution T',...,T* of T associated with I can be seen as associating to the leaves of T! the
i-th nonzero digit of ¢ starting from the most significant digit to the least (see, e.g., Figure H).

® © o o
FIGURE 5 A 2-ary distribution associated with a set I with 11 vertices over a perfect 3-ary tree with 16 leaves. The 2-

ary (binary) expression of 11 is ‘1011 and it is represented by three pairwise adjacent perfect 3-ary I'(T)-subtrees (highlighted
with bold edges and black leaves) having 23, 2!, 20 leaves.

3 | ONTHE NP-HARDNESS OF THE K-NDP

In the light of the above notation and definitions, we study the complexity of the k-NDP in this section by establishing the
following result:

Theorem 1. The k-NDP is strongly N'P-hard for every integer k > 3.
We prove the statement by showing that the following decision version of the k-NDP is A/P-complete:

Problem 4 (Decision version of the k-NDP — (d-k-NDP)). Given a graph G = (V, E) of G, a weight function w : E — Q5.
and a constants C € Q*, decide whether there exists a spanning tree 7 of G belonging to ©% such that ZWGV Ly(u,v) < C.

We proceed in two steps: we first show that the classical N"P-complete Exact 3-Cover Problem™ can be reduced in polynomial
time to the following more general problem:

Problem 5 (The Exact m-Cover Problem (ECP)“®). Given two positive integers £ > 1 and m > 3, a finite set M =
{1, .., pem}, and a family of subsets § C 2M such that lol = m for every o € S, decide whether there exists a subset P C §
such that P is a partition of M.

Subsequently, we show that the ECP can be reduced in polynomial time to the d-k-NDP, by completing so the proof. We start
by showing the following preliminary result:

Proposition 1. The ECP is N'P-complete for every integer m > 3.

Proof. We prove that every instance of the exact m-cover can be reduced to an instance of the exact (m + 1)-cover problem.
Consequently, the result follows by the NP-completeness of the exact 3-cover. Let M’ = {uy,. .., ftme} and define M
{115+« o s [ty Mmes1s - - - » Umese - Consider a collection S C 2M" uch that each o/ € §' satisfies lo’| = m. We construct S
(o' U{py:0' €8, 1 € {thmests- - s thmere} } € 2M, so that every o € S has size lol = m + 1.
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By construction, there is a partition P C S of M if and only if for every (¢/, ) € P the ¢”’s and p’s form a partition of M’ and
{tme+1s - - - » bmere } respectively. Thus, solving the exact (m + 1)-cover instance requires solving the associated exact m-cover
instance. Therefore, the exact m-cover is at least as hard as the exact 3-cover for every m > 4, and thus N/’P-complete. O

We now prove Theorem [ by assuming that m = (k— 1)>. To this end, consider a positive integer r and define s = ISI. Consider
a connected graph G = (V, E) defined as follows. The vertex-set V is partitioned into the vertex-sets V,, Vg, Vs, and M =
{11, ., o1y }» where the first three sets have cardinality r + s, (k — 2)r + (k — 3)s + 2, and ks, respectively. In particular, we
consider s elements of Vg indexed by S. Then, G is such that:

G[Vgr UV, UV, U S] is a caterpillar belonging to @’(‘r +9)(k-2) with leaf-set Vx U S;

G[Vs] has s connected components each of which is a perfect k-ary tree of height 1;

G[(Vs\S) U M] is a complete bipartite graph whose bipartition is given by Vg \S and M;
e No edges other than those described above are present in G.

Figure B represents G for some r > 4, s = 3, and k = 3. We note also that by construction G belongs to G* for n = IRl + IM| +
(s(k—1)2 =IM1)/(k—1). Finally, we complete the construction of the instance of Problem B by defining the edge-weight function
w. For any edge e such that exactly one of its endpoints belongs to V,, we set w(e) = 1.

For edges of the form e = uy;, the weight assignment is defined as follows. The edge u1; has assigned weight 1 if and only if
all the following conditions hold:

(i) the vertex u is adjacent to some o; such that y; € o;;
(i1) at most k — 2 edges of the form uy; and incident to u have weight 1;
(iii) there is no vertex v # u adjacent to the same o; such that w(vy;) = 1.
If any of the conditions (i)—(iii) is violated, we set w(u;) = IVP. Finally, all remaining edges are assigned weight 0.

In what follows, with a slight abuse of terminology, we refer to any spanning tree of G belonging to ©X as a feasible solution.
Observe that the weight VI assigned to certain edges of the form ufij is chosen sufficiently large so that any feasible solution
containing at least one such edge has strictly larger cost than any feasible solution (if any exists) that avoids all of them. This
observation follows from the facts that [V| > 4 for every k > 3 and for any path P in G such that w(e) # IVI® for every e € E(P),
then ), gpy W(e) < 4. Consequently, in the remainder of the proof we restrict our attention to feasible solutions of the latter

type.

For a feasible solution T and any couple of vertex-sets U, U’ C V, we define cost of the pair (U, U’) as

LyUUY=2 > Lyuv).
(u,v)eUxU’

When U = U’, we simply write LY (U) and we refer to this quantity as the cost of U. In particular, when U = V, we refer to
L7 (V) as the cost of T.

By construction, the edge-set of every feasible solution contains E(G[Vz U V4 U S])). Moreover, for every feasible solution,
every u' € M and r’ € Vg (respectively, v/ € V,,) we have that LY'(+', u’) = 3 (respectively, L(r',u") = 2). Therefore, the cost

Co = L7(Vr) + L7(Vk, Vis) + Ly (Vg, S) + L7(VR, M) + Ly (Vi) + Ly (Vys, M) + L7 (Vi S) + L7(S),

is a constant for every feasible solution, i.e., this cost does not depend on the choice of T. Finally, denote by T* the set of
feasible solutions whose edge-set contains E(Vy). Then, in the light of the above notation, the following proposition holds:

Proposition 2. For r > 8k>(2s?, the cost of any feasible solution in T* is strictly smaller than the cost of every feasible solution
not in T*.
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FIGURE 6 An example of an instance of Problem B when assuming k = 3, r > 4, M = {1,...,8}, and S =
{o1=(1,2,3,4), 0, =(3,4,5,7), 03 =(5,6,7,8)}. The light gray edges (all of which are incident to M) are those for which the
corresponding weight is VI3,

Proof. Let T € T* and T’ be any feasible solution not in 7. First, observe that
LY (V) = Co + LY(Vg, Vs \S) + LY (Vys, Vs \S) + LY (Vs \ S) + Ly (Vs, M) + L7 (M).

By definition of 7% we have that, L¥(Vi, V) = 4(k — D)sIRI, L¥(V,, Vs \ S) = 2(k — Ds(r +5), LE(Vs\ S, Vs \ S) + L¥(Vs, M) <
4s2(k — 1) + 80sk(k — 1)> as L¥(u,v) < 4 holds true for any couple of vertices (u,v) in Vs x M, and L¥(M) < 6£%*(k — 1)* as
L7 (u,v) < 3 holds true for any couple of vertices u, v in M. Therefore, we have that

LY(V) < C' = Co + 4k — DsIRI + 2(k — 1)s(r + 5) + 45> (k — 1) + 80sk(k — 1)* + 60*(k — 1)*.

Also observe that, since T’ belongs to @’,;, there are k — 1 edges of the form uc; € G[V,]\ T’, for some o; € S. For these
edges, either LY, ({u}, Vg) or LY,({o;}, Vg) equals 8IRI|. Similarly, LY, ({u}, V,s) or L},({o;}, V)s) equals 6(r + s). Hence, the
LY,(V) > C" = Co +4(k — 1)(s + DIRI + 2(k — 1)(s + 4)(r + 5). Then, if r > 8k>%s?, C' < C", i.e., L¥(V) < L¥/(V). Thus, the
statement follows. L]

Now, assume that r > 8k3¢2s%. By Proposition [, every feasible solution 7 whose cost L¥(V) is smaller than some appropriate
constant belongs to T*. Moreover, always by Proposition B, the cost L¥(Vg, Vs \ S) is constant for every T € T*, and every
vertex in M has degree 1. This fact implies that the cost L¥(Vs, M) is constant for every T € T*, since for every vertex p; in M
there is precisely one vertex s; in Vg such that the Ly (y;, s;) = 1, and L} (p;, s7) = 3 for all s € Vg, with j* # j. Therefore, the
cost Cy = LY (Vg, Vs \S) + Ly (Vis, Vs \S) + LY (Vs \ S) + L7 (Vs, M), is constant for any T € TE,

We now observe that the following proposition holds:

Proposition 3. There exists T* € T* such that Ly.(V) < Co+ Cy + 2(k - D22k = 1)> = £ = 1) if and only if there exists a
partition P C S of M.

Proof. Let T € T*. Denote by S, the set of vertices of Vg that are adjacent in T to o € S. Since T € ©% we can define the
number s;, of sets S,, for all ¢ € S such that the number of vertices of M adjacent in T to S, is exactly &, where h € H =
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{0,k—1,2(k—1),...,(k—1)*}. Moreover, let S(T) be the set of couples (u, v) of vertices of M such that L}(u, v) = 2. Then,

Ly(M) = 4(k = 1)*((k = 1)* = 1) = 4IS(T)l = 4(k = 1 (k= 1)’ = 1) =2 " h - s,
heH

Note that the cost Ly(M) decreases as 2 ), _,, h - s, increases. In particular, since every / is a multiple of k — 1, this sum is as
small as possible when s, is as big as possible. By definition, sy_;» < ¢, and sy_;y = £ if and only if all the corresponding S’s
counted by sy are such that there is a partition P of M for which o € P. Moreover, if 54_;p = £, every other s, = 0 for any
T € T* by construction, and hence L¥(M) = 2(k— 1)*>2(k = 1)> = £ - 1).

Therefore, assume that sg_j» = £ and set C = Co + Cy + 2(k — )*(2(k — 1)> = £ — 1). Then, 3, .\, L¥(u,v) = C if and only if
there is a partition P C S of M. O

From the proof of Proposition B we can deduce that LY. (V) > C. Thus, if r > 8k>(s, answering “yes” or “no” to Problem B
is equivalent to deciding whether S contains a partition of M or not in the ECP. As the ECP is N'P-complete, so is the
d-k-NDP. O

4 | ONTHE NP-HARDNESS OF THE MIN-(K, 7)-NDP
In this section, we prove the A/P-hardness of the Min-(k, 7)-NDP. We will first show that this result holds for k = 3, i.e., that
Theorem 2. The Min-(3, 7)-NDP is strongly N'P-hard.

Subsequently, we will strengthen this result by generalizing it to any arbitrary integer k > 3.

We start by considering the following problem:

Problem 6. Given a finite set IV and a positive integer n such that 2" > IIVl, find a perfect 3-ary tree T* with 2" leaves that
minimizes Y, icp, 7l -

We first observe that the following proposition holds:

Proposition 4. Let T be an optimal solution to Problem B with input T" and n. Then, no two maximal perfect 3-ary T'(T*)-
subtrees whose leaves are indexed by T have the same height.

Proof. Suppose, by contradiction, that 7* is an optimal solution to Problem B containing two perfect 3-ary disjoint I'(7™)-
subtrees T} and T such that: (i) having the same height A, (ii) being maximal in I, and (iii) whose leaves are indexed by I".
Denote by Tl , Tz the two connected components of 7'\ {r(T,7>)} such that that 7} C Tl and T, C Tz. By maximality of T
and 77, there exist two families 77 and 7, of perfect 3-ary I'(7*)-subtrees such that every element has height £, is contained in
Ty and T5, and that is disjoint from and adjacent to T and 7>, respectively. Moreover, always by maximality of 7} and 7>, both
[(T))\I(T}) and T'(T») \ I'(T5) are not subsets of I".

Denote by T” the perfect 3-ary tree with 2" leaves obtained by swapping the labels on the leaves of T with those of any tree T4
in 7, and 7| and T} the two subtrees of T’ corresponding to T} and T4, respectively. Similarly, denote by 7" the perfect 3-ary
tree obtained by swapping the labels on the leaves of 7, with those of any tree T3 in 7;, and T3 and T4 the two subtrees of T
corresponding to T, and T3, respectively.

In what follows, we prove that the cost of the solution associated with T’ or T" is strictly smaller than the cost of T*, contra-
dicting the optimality of (7*). First note that most contributions to the total costs of 7*,T’, and T" are the fixed. Specifically,
for every i in I'(T}) and j in 0(T»), Tif* = T]{ for all s € I(T*)\ (I(T}) U I(T»)). Thus, by swapping i with j, any possible
change in the cost the objective function of the problem depends only on the pairwise distances of vertices in I'(T) N I”, those
in I'(7») N I, and the distances between vertices in I'(7}) N I” and T'(T>) N I”. Moreover, the cost relative to the swap of the

labels on I'(T}) with those indexed by Ty is fixed, since Ti}-* = Tl-]/;/ forevery i € I'(Ty), j € I'(Ty), i’ € I(T}), and j’ € I'(T}).
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Note also that all these remarks hold when swapping the labels of T, with those of T3. Therefore, denote by Cy these invariant
costs. In conclusion, any variation in the cost after one of these swaps depends on the following contributions:

= > 7 oad = Y 7 for i€I(Ty),

pET(T\I(TY) g€ (IN\(T3)

* T* * T* .

[/ = Z Tip and 1} = Z Tiq for jeI'(Ty).
pET(T\I(TY) qET(IN\(T4)

We also denote [, ,lj’ N4 ,lj” T j’ i, and r’ !, the similar contributions relative to 77 and T”. Since T}, T», T3, and Ty are perfect, all

these quantities do not depend on the ch01ce of i and j. Thus,

Z (L + 1) = DT + 7)), Z I + 1) = ID(T) N TN + 1)),

i€T(Ty) JET@\L(TY)

Similar equalities hold for the sums of I,[},l{".I! ,ri.r},r{’, and r{', and, moreover, [U(T1)l = IT(TY)I, IT'(Ty) N TVl = I0(T7) N T,

I’j’l’]’l’]’l’

ID(T)l = IT(TY)), and IT(T5) N TVI = ID(TY) N TV,

Now, suppose that ) e (T, )(l +r) > Z eF(n)(l* +r7). Then, in the light of the gbove equalities, the cost of 7* corresponding
to I'(Ty) and I'(Ty) NIV is ¢* = ID(T)II; + 1) +I0(Ty) N TN + 1), while the corresponding one of 7" is ¢’ = II'(Ty) N IVI(/; +

i)+ (l’ +7; OIT(T))l. Due to the maximality of T;, we have that IF(T4) N TVl < IT(Ty)l, which implies that ¢’ is strictly smaller
than c. With similar arguments, it is easy to see thatif > (] +77) < Zjer(n)(l}k +17), then the cost of 7" is smaller than
the one of 7. Finally, note that the condition ;. (I +r7) = Zjer(n)(l; + r}") cannot hold true as, by maximality of T}
and T, both IT'(Ty) N TVl and IT'(T5) N I| are strictly smaller than IT'(7T7)l and IT'(T2)I. Thus, the cost of either 77 or T is strictly
smaller than the corresponding one of 7, contradicting the hypothesis of optimality of 7*. O

Now, let T* denote an optimal solution to Problem B with input I and n. Then, the following proposition holds:
Proposition 5. The subset of leaves T forms a 2-ary distribution on T* if and only if T* is an optimal solution to Problem B.

Proof. We prove the statement by showing that every feasible solution to Problem B that does not form a 2-ary distribution is
not optimal. On the contrary, it is easy to see that every 2-ary distribution has the same cost.

By Proposition B, no two perfect 3-ary I'(T*)-subtrees that are maximal on IV have the same height. Thus, there is a sequence
T',..., T of perfect k-ary I'(T*)-subtrees having height #; < h; < ... < hy that are maximal on I'"". To conclude that I/ forms
a 2-ary distribution over T*, it remains to prove that 7% and T™*! are adjacent, foralli =1,...,s—1.

Let T" be the first tree in the collection i such that 7° and 7**! are not adjacent. Since T" is maximal, there exists a (unique) perfect
3-ary I'(T*)-subtree T adjacent to 7" and having height A; + 1 and such that T’(T) is strictly contained in T'(T). Similarly to the
proof of Proposition B, to reduce the total cost it suffices to swap the leaves of T"*! with those of T”, since IT”(T) < IIV(T™*")
by assumption. O

Remark 1. As for Problem B, 2-ary distributions corresponds to optimal solutions of the similar optimization problem of
finding the minimum among all balanced quasi-caterpillars whose wing have height 4 and under the additional constraint of I
indexing only leaves of the two wings with Il < 2.

Let k, n and h be three positive integers such that n > 2(k — 1)". Then, given a set of items I', with IT'l = (k — )", we denote by
T¥(I')the subset of quasi-caterpillars in ©% whose wings’ leaf-sets are indexed by I'. Consistently with the propositions above,
we restrict ourselves to the case in which k = 3 in the following:
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Problem 7. Given two positive integers n and % such that n > 21 and three mutually disjoint sets I'g, I'j, and I'; such that
ITol is even, Il = IT5l and Tl + ITy1 + IT1 = 2#*!, find a tree T belonging to 7,2(I'o U T'; U T',) that minimizes

T T T T
doam M| DT> T |+ > T

ijelo ijel ijelr i€{uyv}jer’

where u and v are two leaves such that 7, =n—1and g;; = ¢;; € {0,1}, M > ITgl and v > MnIT' 1%,
Proposition 6. The optimal solution of Problem @ is a balanced quasi-caterpillar.

Proof. We prove the statement by contradiction. Assume that the optimal solution 7™ is not a balanced quasi-caterpillar, and
denote by 7" and T" its wings. Without loss of generality, assume that IT'(7”)| > IT'(T"")| and that T,f ;(T,) = 2. Consequently, by
assumption, 7'3: ;éT,/) =2.Leti € argmax{Tjg* :j € I(T")}. Since T* is not a balanced quasi-caterpillar, the choice of i € I'(T”)
satisfies Tii* > log, II'g U Ty U TI'l, where Tii =log, Iy UT'; UT,l forevery T € 7:,3(1“() UT'; UT»). Moreover, since T’ is a
cubic tree, there exists i’ € T'g U T'; UT, such that (i,i") is a cherry.

Similarly, let i" € argmin{Tiz” }. Consider now the quasi-caterpillar T obtained from T7* by removing i and ', relabeling the
vertex adjacent to i in T* with i/, relabeling i with a new label i ¢ T'(T™*), and finally adding i and i’ so that both become
adjacent to 7. Since the longest path in a cubic tree with ¢ leaves has length g—1, and since M > Iyl > ITy|-1, the contributions of
i, i, and i’ to the cost difference between 7™ and T are at least y—MnlT", 12, 27, and -MIT"; 12, respectively. A direct computation
then shows that the difference between the cost of 7* and the one of T is at least v — MnlT'; 2, and this quantity is positive by
hypothesis. Thus, the cost associated with 7 is strictly smaller than the one associated with 7*, contradicting its optimality. [J

In the light of the above propositions, we now prove Theorem B by reducing the following classical NP-hard problem to the
Min-(3, 7)-NDP:

Problem 8 (The Graph Bisection Problem (GBP)*"). Given a simple connected graph G = (V, E) having 2p vertices, for some
p € Z*, find a partition of V into two equal-sized subsets U* and W* that minimizes |6(U*, W*)I.

We will show that, given an optimal solution to an instance of the Min-(3, 7)-NDP, appropriately built from an instance of the
GBBP, it is possible to compute in polynomial time a sub-partition of the leaf-set I' that induces an optimal solution to the given
instance of the GBP. The NP-hardness of the Min-(3, 7)-NDP, then, will immediately derive from the A P-hardness of the
GBP. We start by considering an input graph G = (V, E) of the GBP, for some fixed p € Z*. Denoted m and s two non-negative
integers such that p+m is the smallest possible power of two and s is the smallest integer strictly greater than log, (p+m)(p*~1)-1.
Then, we define three sets of items: V| and V, both having cardinality m and such that V, Vi, and V, are mutually disjoint; and
R={ry,...,r1,70,...,Fs},such that RN (VU V| U V,) = (). We observe that, by definition, 2m + 2p + 2s + 1 is polynomially
bounded in p. Finally, we denote by M, 71, 7, and 3 four positive rationals respecting the following inequalities:

M >2 (log,(p+m) +s+1) p?,
Y1 < (25 =2)v2 + (p + m)(5 — 4s5)3,

Y1 > 67, + (p + m)(dlog,(p +m) +4s +9)y3

S 2(p +m)(2s —log,(p + m) + 1)
s—4

.’YZ

V3,

1
o v3>2M (p+m+s+2) m?,

(note that the fourth condition ensures the compatibility of the second and third conditions). Then, we build an instance of the
Min-(3, 7)-NDP by setting

e '=VUVIUV,UR,;

e dj=1forallijj € E;
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=M foralli,j € Viori,j€ Vy;

=~ forallie {-s+1,...,5s-2};

d;j

dririy

o d. ., =d =75
d,

drxi =73 foralli € VUV, U Vy;
e and d;; = 0 otherwise.

Now, let 7* be the optimal solution to the Min-(3, 7)-NDP and let (3 denote the subset of feasible solutions to the Min-(3, 7)-
NDP that are balanced quasi-caterpillars and such that (i) the leaf-sets of the wings are a partition of V' U V| U V; and (ii) the
remaining leaves are indexed from the left to the right by r_g, . . ., r,. Then, the following proposition holds:

Proposition 7. The optimal solution T* to the Min-(3, 7)-NDP belongs to (g'f"T”).
Proof. We first observe that any cubic tree in (ng“) satisfies 7,,,,, = 3foreveryi € {-s,...,s—1}. Hence, by definition of ’7?3“‘7“)
and by hypothesis on s, the cost of any solution in (3}“) is at most

2 (3(2s =21 + 672+ (p+m)(4log,(p + m) +4s + 9)73) . (D

Assume by contradiction that 7* does not belong to 7?3‘“7“) Since T* is a cubic tree, if 7‘3; )

o =2forsomej € {-s+1...,5-2},
then one of the following holds:

G 7 >41f—s+2<j<s—3;

7/ 17° ry+lr+2 —

(i) one among 7' Or Ty ,r,, €quals 2.

Fs+1 7542

Suppose that (i) holds true. Then, the cost associated with T* is at least 2(y; — 62 — (p + m)(4log,(p + m) + 4s + 9)73) and the
difference between this quantity and (0) is 2(3(2s — 2)y; + 7y1). By the hypothesis on ~,, this quantity is positive, hence if (i)
holds 7* cannot lead to an optimal solution.

= 2 Then, as for condition (i), assuming some T, 77" 7" > 4 never leads to

r} 15 "ty —
the optimum, and hence, we assume that for all 7 ,, o= =3 with i € {-s,..,s — 2}, which leads T, =25+ 1. By Remark [, the
least expensive subtree with leaf-set V U V| U V, (with respect to both r_; and ;) is a perfect 3-ary tree. A direct calculation
yields that its cost is at least 2((3(2s — 3) + 2)y; + (25 + 4)y2 + (p + m)(41log,(p + m) + 14)3), and the difference between this

last cost and () is 2(—y; + (25 — 2)y2 + (p + m)(5 — 4s)7y3), which is positive by the hypothesis on 7}, 7, and 3.

Now suppose that (ii) holds true and that 7,

r; 2551

rr|

Therefore, the optimal solution must be a quasi-caterpillar whose wings are indexed by V U V; U V,. Thus, by Proposition B
applied with v = 3 (noting that the constant M used here is significantly larger than the one used in the proof of Proposition B),
the optimal solution is a balanced quasi-caterpillar. O

Given the optimal solution 7* to the Min-(3, 7)-NDP, the following proposition holds:
Proposition 8. The vertex-sets Vi and V, form a 2-ary distribution over T' and T", respectively.

Proof. First, observe that since M > 4p*(p + m)? and |E| < p?, we have

> 7 <2(logy(p+m)+s+1) IEI < 2(logy(p +m) + 5+ 1)p* < M.
ijeEE

This implies that increasing by one the path-length between two leaves both indexed by Vj, or between two leaves both

indexed by V,, improves the objective value of the Min-(3, 7)-NDP more than any possible reassignment of the labels in V
among the leaves of 7" and 7". Consequently, any optimal solution must minimize the partial costs 3, e 7'”T and ), iy, 7'5 )
independently of the placement of the elements of V. By applying Remark [ first with respect to r_; and then with respect to
ry, it follows that every optimal solution induces two 2-ary distributions on 7 and 7", corresponding to the sets V; and V>,

respectively. [
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Ts-1

Ts

V(G) u w V(Gy)

FIGURE 7 Anexample of the cubic tree in Proposition B when assuming p = 3 and m = 5. The bipartition of the vertex-set
V into two equal-sized vertex-subsets U, W is a consequence of the two 2-ary distributions (highlighted with bold edges and
black leaves) formed by V| and V5, respectively.

By Propositions @ and B, [T(7")| = IN(T"") = p + m, and V; and V, form 2-ary distributions on 7’ and 7", respectively.
Hence, there are exactly p leaves indexed by G in T’ and 7", respectively; therefore, there is a partition (U, W) of V such that
I(T") =V, UUand I(T") = V, U W with Ul = IVI = p (see Figure ).

Now, we show that the partition of G associated with 7* constitutes an optimal solution to the given instance of the GBP. To
this end, let z* denote the cost of any feasible solution to the Min-(3, 7)-NDP respecting Propositions [ and B such that the cut
associated with the partition of G is optimal for the corresponding GBP instance. Let §* denote the cardinality of this solution.
Similarly, let 7’ denote the cost of any feasible solution to the Min-(3, 7)-NDP respecting Propositions @ and B for which the
cut associated with the partition of G is not optimal for the GBP instance. Let §’ denote the cardinality of this solution. Then,
observe that the cost

1
Co=2 (3(2s =271+ 692+ 2p + m)(I0gy(p + m) + 25 + 43 + 5 (Z Ti + Z T,> M)
LjeEV] i,jEVL
associated with all weights that differ from 1 is valid for both feasible solutions by construction. Then,

7" < Co+45*(logy(p +m) + s+ 1) + 4 (logy(p + m)) (IEI - 5*)
< @1 = Co+45*(log,(p+m) + s+ 1) + 4 (log,(p + m)) p°,

while 7/ > ¢ = Cp+4d’(log,(p+m)+s+1). By hypothesis on s, we have that ¢; < ¢,. Thus, the cost of any optimal solution to
the Min-(3, 7)-NDP is at most z* and the equal-sized partition of G provided by (V N F(f”’ ), VN F(T’ ")) constitutes an optimal
solution to the considered instance of the GBP. O

Generalization.

The concatenation of the propositions presented in this section allowed us to prove Theorem . We briefly observe here, however,
that such a theorem can be easily generalized to any integer k > 3. Specifically, to account for generic k > 3 in the construction
of an instance of the Min-(k, 7)-NDP, we consider the following instance:

e '=VUV,UV,UR= {rls,...,r'_‘;z,...,rll,...,rﬁz,r(l),...,rg‘z,...,rj,...,rf“z},withr{¢F\Rforallie {=s,...,s}
andallj € {1,...,k-2};

e dj=1forallijj € E;
e dj=Mforalli,jc Vyandi,j€ Va;

° d%l =~ forallie€ {-s+1,...,s—2}andj € {1,...,k-2};
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.drj r!

=50 s+l

o drlyi = drx][ =3 foralli e VUV, UV,

=d; ,=mforallje{l,...,.k-2};
s—1°"s

e and d;; = 0 otherwise.

Then, it is sufficient (i) to assume that m is such that m + p is the smallest possible power of k£ — 1 (instead of 2); (ii) to note that,
for 1,7, and 3 large enough, 7™ is a balanced quasi-caterpillar whose wings are two perfect k-ary subtrees of height m + p;
(iii) to note that, for M large enough, both V; and V, form two k — 1-ary distributions on the wings of 7*; and (iv) for s large
enough, the partition of size p of G, indexing a part of the leaves of the wings of 7%, is an optimal solution to the GBP for the
instance G. Thus, the following more general result holds:

Theorem 3. The Min-(k, 7)-NDP is strongly N'P-hard for every integer k > 3.

5 | ONTHE NP-HARDNESS OF MAX-(K, 7)-NDP

In this section, we prove the NP-hardness of the Max-(k, 7)-NDP. As for the Min-(k, 7)-NDP, we will first show that this result
holds for k = 3, i.e., that

Theorem 4. The Max-(3,7)-NDP is strongly N'P-hard.

We will then discuss how to generalize this result to arbitrary integers k > 3. We start by observing that the following result
holds:

Proposition 9. Let n,m > 1 be two integers, and let o« > 1 be a rational constant. Let {a;}', and {b;}}L, denote two sets of
strictly positive integers suchthat2 < a; < ... <a, and2 < by < ... < b,,. Then, precisely one of the following two inequalities
holds:

n m n m
Zaf‘ + Zb?‘ < Z(ai—a’)o‘ + Z(bi +a)?*, foreveryd € {1,...,a;-3}; )
i=1 i=1 i=1 i=1
Doat ) b <Y () + Y (b= b, for every b € {1,....b1 -3}, )
i=1 i=1 i=1 i=1

Proof. For a fixed € > 0, consider the following polynomial real functions defined on the interval [0, a; —3+¢) and [0, b; -3 +¢)
respectively:

fa®) =) (x+a)* + Y (x+b)*—-Aq—Bo and ga(x) =Y (x+a)* + Y (-x+b)* —Aa —Ba,

i=1 i=1 i=1 i=1

where A, =Y . af and B, = Y .-, b%*. We shall analyze now the behavior of these functions as «, n, and m vary, to determine
when the inequalities under consideration hold. We begin by observing that when o = 1, fi(x) = —nx + mx = (m — n)x and
g1(x) = nx —mx = (n —m)x. Hence, () holds when m < n, while (8) holds when m > n.

Now, assume that o > 1 and consider the derivatives of both functions with respect to x, namely

n m

fa®=a (- > xta) T+ o+ b[)a_]> and gL (x) =« (Z(x +a)* =D (—x+ b,»)a"> :
=1

i=1 i=1 i=1

If 2 (x0) > 0, for some xg € (0,a;-3+£)N(0,b1-3+¢), then Y 7| (xo + b)) > Z?:l (—xo + a;)*"". Alternatively, if £/ (xo) < 0,

i=

i(ai +x0)*7" > i(ai ~x0)*! > i(bi +x0)*7" > i(bi —x0)* 7,
i=1 i=1 -1 =1

i.e., g/ (xp) > 0, for some xq € (0,b; —3 +¢).

then we have that
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Moreover, as a; —a; +3 > 0 and b; — b; — 3 > 0, the second derivatives of both functions, i.e.,
) = ala—D)(far(¥) +Aqa +Bon) and  go(x) = aa— 1)(ga-2(x) + Aq + Bo)

are always strictly positive in (0,a; — 3 + €) and (0, b; — 3 + ¢), respectively. Therefore, the convexity of f, (x) implies that, if
Jh(x0) > 0 for some xo € (0,a; — 3 + ¢), then f,, (x) is strictly increasing in the whole interval, while g (x) is weakly decreasing
on (0, b; -3 +¢). Conversely, the convexity of g, (x) implies that, if g/, (xg) > 0 for some xy € (0, b; —3 +¢), then g, (x) is strictly
increasing in the whole interval, while f,, (x) is weakly decreasing on (0, a; — 3 + ).

To conclude, since f,(0) = g,(0) = 0, and both functions are strictly convex with opposite slope sign on their respective
intervals, i.e., either f,,(a’) > 0 or g, (b") > 0 when restricting them to integers. O

We prove Theorem B by reducing the following classical N"P-hard problem to the Max-(3, 7)-NDP:

Problem 9 (The Max-Cut Problem (MCP)*"). Given a graph G = (V, E), with p vertices, for some p € Z", find a partition of
V into two subsets U* and W* that maximizes |6(U*, W*)I.

We will show that, given an optimal solution to an instance of the Max-(3, 7)-NDP, appropriately built from an instance of the
MCP, it is possible to compute in polynomial time a sub-partition of the leaf-set I" that induces an optimal solution to the given
instance of the MCP. The NP-hardness of the Max-(3, 7)-NDP, then, will immediately follows from the A"P-hardness of the
MCP.

We start by considering an input graph G = (V, E) of the MCP, for some fixed p € Z*. Denoted by ¢ any positive integer such
that ¢ > 3p® + p?, consider a set of vertices L disjoint from V and having cardinality £. We observe that, by definition, p + £ is
polynomially bounded in p. Finally, denote by w a positive integer such that w > p*(p + £ + 1). Then, we build an instance of
the Max-(3, 7)-NDP as follows. Set:

e '=VULU {ry,r}, where r; and r, are two distinct vertices such that r;,r, € VU L;
e dj=1forallijj € E;

® dy, =w;

e and d;; = 0 otherwise.

Let 73'7) denote the set of caterpillars that are feasible solutions to the considered instance of the Max-(3, 7)-NDP and such
that r; indexes a leaf of one cherry and r, indexes a leaf of the (unique) other cherry. Then, the following claim holds:

max

Proposition 10. The optimal solution T* belongs to T 5'7).

Proof. Let T denote any feasible solution in 73'%} and let 7" denote any feasible solution not in 734}, i.e., 7" is not a caterpillar,
or it is a caterpillar but at least one between r; and r, does not index leaves of different cherries. Note that for a cubic tree on Tl
leaves, the maximal path-length between a pair of leaves is at most II'l— 1. Moreover, the path-length I['|—1 is achieved by some
pair of leaves if and only if the cubic tree is a caterpillar™". Then, 7,7, = p + £+ 1 holds for T, while TrTl;z < p+{+1 holds
for T’, but possibly T,Z : =p+{+ 1, for some u,v € V. Then, if z and 7’ are the costs of T and T’ with respect to the objective
function of the Max-(3, 7)-NDP, then we have that z > 2w(p+ £+ 1) > ¢; =2w[p+ L+ 1]and 7' < 2[w(p+ ) +|El(p+ L+ 1)] <
¢ =2[wp+ O +p*p+L+ D] Asw > p*(p+ L+ 1), ¢; > ¢, hence, z > 7. Thus, the cost of every feasible solution not

belonging to 73'7) is smaller than z and the statement follows. O

Now, we show that the optimal solution 7* can be partitioned with respect to G. More precisely, the following proposition
holds:

Proposition 11. There exists an optimal solution T* to the Max-(3,T)-NDP that can be partitioned into three connected
components Cr, Cy, and Cy, such that I'(C) = L, I'(Cy) = U U {r}, and I'(Cw) = W U {r,}, for some partition (U, W) of V.
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I'(T) INVAY I'(13)
/—/%
a, ap N oo i iz ) by
r r

FIGURE 8 An example of a cubic tree from the family described in Proposition [, partitioning the vertex-set V, with
IVl = 6. In particular, I'g(73,1;) = {ai,ax}, and I'g(T3,i;) = {b;}, while bold edges represent the comb T} with leaf-set

{i1,i2,i3}.

Proof. Denote by z(T) = Z
for any I'(T)-subtree T.

Tij s T the cost of any feasible solution T to Max-(3, 7)-NDP, and by Tp(T,i) = {je (7): ijeE}

Suppose, by contradiction, that any optimal solution 7 € 73’} does not respect the statement. Then, we will show that either
T* cannot be optimal or that it is possible to generate in polynomial time a sequence of cubic trees that starts from 7% and
whose last element is an optimal solution to the Max-(3, 7)-NDP that respects the statement, by leading in both cases to a
contradiction.

First, assume that there is acomb To of T* such that I'(Ty) = V. Because / is strictly bigger than 2p, then for every i € F\{rl, rm},
we must have either 7- ; > p,or T ; = p, or both. Assume the first case and denote by i the leaf of T such that , and i form a
cherry. Let jo € I'(Ty) be any leaf of T* such that j, = argmin EF(TO){T "}, and denote by T’ the feasible solutlon obtained by

swapping the label i with jo. By construction, jT;l < p,hence z(T") > «T*) - >, €T (Too) ”0 "4 > EFE(TOJO)( i "+ p) > z2(T%),
contradicting the optimality of 7*. Thus, there are at least two disjoint combs of 7* that are maximal with respect to V.

We now proof that, if for any optimal solution 7%, there exist strictly more than two disjoint combs that are maximal with
respect to the subset V, then one of the following two scenarios must hold: either 7* is not an optimal solution to the problem,
or it is possible to transform in polynomial time 7* into a new feasible solution where the number of maximal combs with
respect to V has been reduced by one while preserving the optimality of the solution. Specifically, let 7} be one of the combs
of T* that are maximal in V, and suppose, without loss of generality, that both connected components 7, and 75 of 7% \ T
contain at least one leaf indexed by a Vertex in V. Letij,..., i, denote the leaves of T, for some integer 0 < m; < p—1, and
assume, without loss of generality, that 7'” L= =3forallj=1,...,m — 1 Since i | and iy, are the extremals of 7} and the comb
is maximal in V, there must exist two leaves AlL,A €L such that Tl /\
Proposition [0, hence, there exists a total order

/\2 = 3. Now, recall that 7* is a caterpillar by

T ln

T* T

2< T, <. < Tirdp, > 4)
where {ay, ...,am,} = T'g(T>,i). Similarly, we have another total order
-

2<7l, <<, Tirby (5)

where {b1,...,by,} = Tp(T1,i1) U (T3, i)); see Figure B.

Now, consider the effect of swapping i; with A;. In this case, all path-lengths 77 T - forj=1,...,my either increase or decrease
by one unit, depending on the structure, while an opposite change occurs for all path- lengths associated with the leaves in
T\ H U @I N V).

Analogously, if we swap i; with i, the second leaf in the ordering of T, all values TTb either increase or decrease by one,

while the opposite change is observed for the leaves in I'(75) N V and (I'(T)) \ {i}, > }) U (I‘(T3) N V). Then, swapping i; with
A1 yields a new feasible solution 7" in which the cost changes by an amount equal to

Sl D+ > i+ D= >l - > L.

@ €T p(Ty,i1) b €U p(Ty,i1 ) UL E(T3,i1) a; €T Ep(T,i1) b €L p(T1,in) UL e(T5,i1)
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I(Ty) L I'(Tw)
— —

FIGURE 9 An example of a cubic tree from the family described in Proposition [, partitioning the vertex-set V, with
VI =4, into two subsets I'(Ty) and I'(Ty).

with respect to the cost of 7*. Similarly, swapping i; with i, yields a new feasible solution 7" in which the cost changes by an
amount equal to

T T T* T
Z (T, + D + Z (Tip, = 1) = Z Tiva; ~ Z Tirty T

a; €Tg(To,i1) b, €Up(Ty1,i)UTE(T3,i1) a;€Up(T,i1) b €T p(Ty,i1)UT E(T3,i1)
§ T" E T* E T* E T"
(Tl'zaj{ - 1) + (Tizbj/ + 1) - 7—iza; - Tizb;’
a; €Tp(T2,i2) b €T(T1,i2)UTe(T3,12) a; €Tp(T2,i2) b €T E(T1,i2)UTe(T3,12)

with respect to the cost of T, where {a], ... ’a,/ng} = I'g(T», i) and {b),... by} = Tp(T1,i2) U I'e(T3,i2). By applying
mj
=1

Proposition B first to the sequences (8) and (H), and then to the sequences {da; };’3 and {b'i}
holds:

one of the following three cases

o (T") > «(T");
o (T") > «T*);
o (T < z(T*)and z(T"") = z(T*).

The first two cases contradict the optimality of 7*. In the third case, fix i; in its current position and proceed by applying the
same analysis to the swap between i, and i3. If no improvement is found, we move to the next pair of vertices, and we iterate
this swapping approach until terminating in one of the following two scenarios:

e cither the final swap between iy, and \, provides an increment of the total cost, contradicting the optimality of 7*;

e or, none of the swaps modifies the total cost. In this case, we can cyclically permute the positions of these leaves without
affecting the objective: indeed, each i; takes the place of ij,;, forj=1,...,m; -1, i,,, takes the place of \,, and X, fills the
position originally occupied by i;, which has been vacated by the shift. Because this operation preserves feasibility and
cost, we get a new feasible solution to the problem where T is still a comb, but differs from 7™ for the path-lengths of
the extremals with respect to the cherries. Then, we can perform these cyclic swaps Tg;l — 3 times, i.e., until we obtain a
unique comb 7'} U T3 without changing the total cost or improving it, by Proposition 8.

Thus, after having performed a finite number of swaps, we can conclude that either 7* was not optimal, or that the comb T is
no longer maximal in V.

In conclusion, we can assume, without loss of generality, that the optimal tree 7* contains exactly two disjoint combs, denoted
by Ty and Ty, both of which are maximal in V. Moreover, these two combs together cover all the vertices of V, i.e., I'(Ty) U
I'Tw)=V.

It is important to note that the optimality of 7* further implies that the connected components of the tree obtained by removing
Ty and Ty from T%, namely T*\(Ty UTyw), consist precisely of the two singleton vertices {r; } and {r,}, as well as an additional
comb component C;, whose leaves are indexed by the set L (see Figure H). Therefore, to finalize the construction, it suffices
to define the connected components Cy = Ty U {r;} and Cy = Tw U {r,}. These components, together with C;, yield the
required partition of 7* into three connected components with the desired leaf indexing properties. Thus, setting U = I'(Ty)
and W = I'(Ty) completes the proof. O

We now show that the partition of G provided by Proposition [l constitutes an optimal solution for the given instance of
the MCP. To this end, let z* be the cost of any solution to the Max-(3, 7)-NDP such that the cut induced by the partition
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of Proposition [ is optimal for the corresponding MCP instance. Let §* be the cardinality of such a solution. Similarly, let
7' denote the cost of any feasible solution to the (3, 7)-NDP for which the cut induced by the partition of Proposition [ is
not optimal for the MCP instance. Denote by &’ the cardinality of such a solution. Then, z* > ¢ = 27’,7l :2 +20*¢, since the
contribution to the cost of r; and r; is constant for any feasible solution in 73'?) by Proposition [ and TiJT "> /(foreveryie U
and j € W by Proposition . While, 7/ < ¢, = 27-,T1 :2 +4p> +28'(¢ + p + 1), where p is the maximal path length between any
pair of leaves indexed by U or by W assuming that G[U’] and G[W'] are cliques such that U’ = IW’| = p—1. Both assumptions
give trivial upper bounds for any instance in 73'7) not corresponding to an optimal solution to the MCP for G. By definition of

the input and maximum cut, ¢ > 3p> + p? and &' < 6* —1 < p?, and hence ¢; < ¢».

To conclude, for any optimal solution z* there is a partition of G splitting G with the most number of edges, i.e., an optimal
solution to the MCP for G. Hence, solving Problem B is at least as hard as solving the MCP for G. O

Generalization.

As in the previous section, we briefly observe here that Theorem B can be easily generalized to any integer k > 3. Specifically,
let Gy, Gy, ..., G be k-2 graphs isomorphic to G, then to account the hardness result of the Max-(k, 7)-NDP we consider
the following instance:

e '=V(G)U...UV(Gp)ULUR = {rll,...,r'f’l,...,ri,...,rjz"l},whereLhas cardinality (k —2)¢ for some ¢ > 0 and
r,rh g VULforallje {1,....k—-1};

o dj=1forallij € E(G)U...UEGo):
o d;y=wforallje{l,. .. .k-1}

e and d;; = 0 otherwise.
Then, (i) to note that for w large enough, the optimal solution T* is a caterpillar belonging to © such that T;:,, = TVJT.:/ =2and
171 272
T; = (T1-=2)/(k—2)+ 1 forall j € {1,...,k—1}; and (ii) to note that for ¢ large enough and thank to the separability of
th]ezobjective function, a similar result of [l holds for any G;. As a consequence, the above reduction must account for a scalar
factor k — 2 in any term involved. This term can be factored out without impacting the A/P-hardness argument, by leading us

to the following general result:

Theorem 5. The Max-(k, 7)-NDP is strongly N'P-hard for every integer k > 3.

6 | CONSEQUENCES FOR RESTRICTED AND NONLINEAR OBJECTIVE VARIANTS

We present here additional complexity results for certain variants of the problems discussed in the previous sections. These
results follow from direct adaptations of the earlier proof techniques.

On the complexity of the leaf-restricted k-NDP.

The objective function of the k&-NDP measures the weighted path-length between all pairs of vertices in the input graph G.
In some practical applications, however (see, e.g.,”®), this function may be restricted just to a subset of vertices of G, which
usually is requested to be the set of leaves of the spanning tree of G. One can verify that the k-NDP remains A/P-hard even
under this restriction.

Specifically, by reusing the same notation and input construction as in the proof for the decision version of the k-NDP, it is
sufficient to observe that (i) by construction every spanning tree of G must include all edges in E(Vi U Vs U V), hence the
cost Ly (R) is identical across all feasible solutions; (ii) for sufficiently large r, any optimal solution to the problem must belong
to 7%, since for any feasible solution 77 ¢ T*, there exist vertices u € Vs and v € R such that Ly, (u,v) = 4; and (iii) for any
T € T*, the quantity LY(T(T)\ (R U M)) is constant, as IT'(T)l = IRl + S| — £ + IMI. It follows that the NP-completeness result
extends to the considered restriction of the k-NDP, and the following result holds:

Theorem 6. Given a graph G = (V,E) of G* and a weight function w : E — Q*, find a spanning tree T of G belonging to ©F
that minimizes ZiieF(T) LY, ) is strongly N'P-hard.
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On the complexity of the fixed-tree Min-(k, 7)-NDP and Max-(k, T7)-NDP.

In the proofs of Theorems O and B, respectively, we were able to fix the topology of the trees that are candidates for being
optimal solutions by assuming that v and w are sufficiently large. Thus, without invoking Propositions @ and [, respectively,
the reductions used for the Min-(k, 7)-NDP and the Max-(k, 7)-NDP remain valid even when we restrict feasible solutions to
share the same topology, by leading to the following results:

Theorem 7. Given G*

n leTg is
strongly N'P-hard.

a matrix Dr = {d;;} and I'-tree T, finding a I'-tree isomorphic to T that minimizes Zi jer

Theorem 8. Given GX, a matrix Dr = {d;j} and a I'-tree T, finding a I'-tree isomorphic to T that maximizes ZA;‘EF dijTiJT is
strongly N'P-hard.

On the complexity of the (k,f)-NDP.

We denote (k,f)-NDP the variant of the k-NDP in which we replace every L¥(u,v) by f(L¥(u, v)), where T is a tree of ©X, and
f: R* — R* is strictly increasing and such that ax < f(x) for some a > 0. Now, as f(x) > ax, similar results to Propositions &I
and B hold for the (k,f)-NDP. In particular, note that the requirement on the size of IR| can be considered fixed for every such f.
Indeed, if f(x) = ax, then the objective function is nothing but a - L}(V), while if f grows faster than any linear function, the size
of R can be taken even smaller then the one suggested. Thus, the instance given remains polynomially bounded in m. Therefore
the following result holds:

Theorem 9. The (k,f)-NDP is strongly N'P-hard for every integer k > 3.

On the complexity of the Min-(k, f(7))-NDP.

We denote Min-(k,f(7))-NDP the variant of the Min-(k, 7)-NDP in which we replace every 7',-J-T by f (TUT ), where T is a I'-tree,
f: R* — R* is strictly increasing and such that ax < f(x) < b* for some a > 0 and b > 1. Now, as f(x) > ax, similar results
to Propositions B, B, B, and B holds for the Min-(k, f(7))-NDP. Moreover, as f(x) < b", then the new value of the parameter s
of the instance defined for proving the hardness result of the Min-(k, 7)-NDP remains polynomially bounded in p, and so is the
size of the input matrix Dr. It is easy to see that the same holds for all the other parameters M, vy, 7>, and 3. Therefore the
following result holds:

Theorem 10. The Min-(k,f(7))-NDP is strongly N'P-hard for every integer k > 3.

On the complexity of the Max-(k, 7*)-NDP and the Max-(k, B7)-NDP.

We den?te Max-(k, 7*)-NDP and Max-(k, 57)-NDP the variants of the Max-(k, 7)-NDP in which we replace every TiJT by (TiJT «
and 877, respectively, where T is a I'-tree, & > 1 and S > 1 are real numbers. While we already proved Proposition B
for every a > 1, one can see thalt similar results to Propositions [ and [ hold for the Max-(k, 7*)-NDP when assuming
¢>max{2p, (2p**? +p*(p+ 1)*) = }and w > p*(p + £ + 1)*.

Theorem 11. The Max-(k, 7*)-NDP is N"P-hard for every integer k > 3 and o > 1.

The reduction described in Section B does not extend to the to the Max-(k, 57)-NDP. In fact, in this setting the input size
n = { + p + 2 becomes exponential, since £ must grow much faster than any polynomial in order to ensure the optimality of the
partition (U, W) in the corresponding instance of the reduction for the MCP with input graph G.

To the best of our knowledge, the bounds achievable in the two cases above are not sufficient to ensure that the size of the
corresponding instances remains polynomial. Thus, the computational complexity of these last two problems remains an open
question.
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