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Abstract

We show that the Network Design Problem remains NP-hard even under strict degree constraints on its
vertices. We also show that this result persists even in highly structured tree-based settings, where internal
vertices have fixed degrees and the objective depends only on pairwise distances between leaves. This result
applies to both minimization and maximization over a broad class of linear and nonlinear distance-based
objectives depending on pairwise leaf distances.
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1 INTRODUCTION

The Network Design Problem (NDP) is a foundational problem in combinatorial optimization that consists of determining the
optimal structure of a network while achieving specific objectives and simultaneously satisfying resources, capacity, demands,
and budget constraints1. The NDP generalizes many classical optimization problems, such as the Steiner tree, the facility
location, the multi-commodity flow, the shortest path, and the spanning tree problems, and serves as a unifying framework
for modeling numerous network-based real-world applications2,3,4. In its most common formulation1, the input graph of the
NDP is loopless, undirected, and has no parallel edges. Throughout this article, we shall adopt this convention and restrict our
attention exclusively to graphs of this type.

Consider a connected graph G = (V , E), with vertex-set V and edge-set E, and a weight function w : E → Q+
0 that associates

each edge in E with a nonnegative rational number. For every spanning tree T of G and every two distinct vertices u, v ∈ V , let
PT

uv denote the path between u and v in T (we assume PT
uu = ∅), and define the weighted path-length between u and v in T as

Lw
T (u, v) :=

∑
e∈E(PT

uv)

w(e).
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T A B L E 1 A summary of known NP-hard versions of the NDP.

Problem Hardness & Approximability Reference

NDP NP-hard 1

Minimum k-spanning tree NP-hard and approximable to within a factor 3 6,9

Maximum leaf spanning tree NP-hard and approximable to within a factor 3 7,10

Minimum degree spanning tree NP-hard and approximable to within a factor 3/2 8

Balanced Minimum Evolution Problem
NP-hard to approximate within a factor cn, for some c > 1

NP-hard and approximable within a factor 2 for metric instances
11

Fixed-tree Balanced Minimum Evolution Problem NP-hard to approximate to within a factor cn, for some c > 1 12

Then, for a given rational B > 0, the NDP consists of finding a spanning tree T of G with T = (V , E′) that solves the following
optimization problem:

min
∑

u,v∈V

Lw
T (u, v)

s.t.
∑
e∈E′

w(e) ≤ B.

The NP-hardness of the NDP was first established in 1978 by Johnson et al1. Since then, numerous NP-hard variants of
the problem have been proposed in the literature5. Noteworthy examples that are particularly relevant to this work include
the minimum k-spanning tree problem6, which seeks a minimum-length tree spanning at least k vertices of a given graph; the
maximum leaf spanning tree problem7, which aims to find a spanning tree with the maximum possible number of leaves; and
the minimum degree spanning tree problem8, which consists of finding a spanning tree that minimizes the maximum vertex
degree. Table 1 outlines the key references for these problems, along with their known complexity and approximation results.

In this article, we focus on a family of network design problems that originate from the context of hierarchical clustering13,14,
where the goal is to identify a tree-like structure of nested clusters based on a given dissimilarity measure among a set of
input items. These problems are closely related to the Balanced Minimum Evolution Problem (BMEP), a highly nonlinear
NP-hard optimization problem11 that has been extensively studied in molecular phylogenetics15,16,17,18,19. Given a set of items
Γ = {1, 2, . . . , n}, with n ≥ 3, and an associated dissimilarity matrix D = {dij}, the BMEP asks for a spanning tree T with
leaf-set Γ, internal vertices of degree 3, that minimizes the length function∑

i,j∈Γ

dij2–τT
ij ,

where dii = 0, for all items i ∈ Γ, and τT
ij := |E(PT

ij )| is the path-length between the leaves i and j of T .

The BMEP is particularly difficult to solve. State-of-the-art exact algorithms are currently unable to solve instances with more
than 32 items within one hour of computing time on modern hardware20. This fact has motivated several research efforts aimed
at reformulating specific aspects of the problem in order to improve tractability. Some of these efforts focus on transforming
distance-based information into edge weights of suitable graphs, thereby reducing the problem to variants of the NDP under
strict degree constraints. Most such approaches are heuristic in nature and often rely on learning or predicting edge weights
rather than optimizing them explicitly21,22,23.

Other lines of work currently under development address the exponential terms appearing in the BMEP objective function,
which may cause severe numerical stability issues even for moderately sized instances. These approaches approximate the
exponential terms by polynomial expressions (using, for instance, first or higher-order approximations) so as to preserve the
hierarchical structure of the problem while improving numerical stability. Some of these approximations naturally give rise
to equivalent maximization problems, whose computational complexity has not yet been fully characterized. Alternative, but
related, lines of investigation examine whether reducing the diameter of the optimal solution to the problem by allowing internal
vertices to have degree larger than 3 may alleviate numerical stability issues.



On the Complexity of Degree-Constrained Network Design Problems with Linear and Nonlinear Objectives 3

Contributions.
In this article, we address as broadly as possible some complexity issues connected to these attempts. To this end, we denote by
Θk

n the set of trees with n leaves whose internal vertices all have degree exactly k, where n and k are positive integers such that
(n – 2)/(k – 2) is an integer equal to the number of internal vertices. Moreover, we denote by Gk

n the class of connected graphs
admitting at least one spanning tree in Θk

n. Then, our contributions can be summarized as follows.

We first show in Section 3 that the following problem is strongly NP-hard:

Problem 1 (The k-NDP). Given a graph G = (V , E) of Gk
n and a weight function w : E → Q+, find a spanning tree T of G

belonging to Θk
n that minimizes

∑
u,v∈V Lw

T (u, v).

We then study the complexity of two versions of the NDP that arise when the objective function depends on the number of
edges in the path between pairs of leaves. To formulate them, consider the following connected graph Gk

n = (Γ ∪ VI , E). The
sets Γ and VI are disjoint, with |Γ| = n, |VI | = (n – 2)(k – 2), and the edge set is

E = {uv : u, v ∈ VI , u ̸= v} ∪ {uv : u ∈ Γ, v ∈ VI}.

We say that T is a Γ-tree of Gk
n, if T is a spanning tree of Gk

n belonging to Θk
n and has Γ as leaf-set. Figure 1 shows an example

of a possible Γ-tree for a graph Gk
n with n = 8 and k = 3.

Now, let DΓ denote a symmetric matrix of order n = |Γ|, whose entry dij belongs to Q+
0 is a measure of the dissimilarity

associated with the vertices i, j ∈ Γ. Then, we consider the following two problems:

Problem 2 (The Min-(k, τ )-NDP). Given Gk
n and a matrix DΓ = {dij}, find a Γ-tree T that minimizes

∑
i,j∈Γ dijτ

T
ij .

Problem 3 (The Max-(k, τ )-NDP). Given Gk
n and a matrix DΓ = {dij}, find a Γ-tree T that maximizes

∑
i,j∈Γ dijτ

T
ij .

We show in Sections 4 and 5 that Problems 2 and 3 are NP-hard. To simplify the relative proofs, we will first present the
complexity results for the special case k = 3; we will then extend these results to generic k ≥ 3. Building on these results, in
Section 6 we explicitly address several reformulations that have been proposed in the literature to improve the tractability of
the BMEP. We show that NP-hardness persists when the exponential objective function is replaced by polynomial (linear or
nonlinear) approximations. In particular, we prove NP-hardness for both the minimization and maximization variants induced
by these polynomial approximations. Moreover, we highlight that these results hold even when the topology is fixed. For ease
of reading and cross-referencing, we summarize in Table 2 the main novel complexity results presented in this article.

VI

Γ

F I G U R E 1 The graph G3
8 = (Γ ∪ VI , E). The vertices in Γ are arranged along the dashed annulus, while the vertices in VI

form a clique depicted inside the shaded region. Each vertex in Γ is adjacent to all vertices in VI . Bold edges form a Γ-tree.
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T A B L E 2 New NP-hardness results for specific versions of the NDP proved in this article.

Problem Reference Problem Reference

k-NDP Theorem 1
Leaf-restricted
k-NDP

Theorem 6

Min-(k, τ )-NDP Theorem 2
Fixed-tree
Min-(k, τ )-NDP

Theorem 7

Max-(k, τ )-NDP Theorem 5
Fixed-tree
Max-(k, τ )-NDP

Theorem 8

Before proceeding, we introduce further notation and definitions that will prove instrumental in the remainder of the article.

2 NOTATION AND DEFINITIONS

Let G = (V , E) be a graph with vertex-set V and edge-set E, respectively. We denote the vertex-set and edge-set of a subgraph H
of G by V(H) and E(H), respectively. Let U ⊆ V and E′ ⊆ E be two nonempty subsets of vertices and edges of G, respectively,
and let E(U) = {uv ∈ E : u, v ∈ U} and V(E′) = {u, v ∈ V : uv ∈ E′}. Then, we denote by G[U] = (U, E(U)) the subgraph of
G induced by U; by G \ U the subgraph G[V \ U] induced by V \ U; and by δ(U) the cut of U, i.e., the subset of edges uv ∈ E
such that exactly one of u and v belongs to U. For the sake of notation, when U = {u} we simply write δ(u) instead of δ({u}).
For a fixed vertex u ∈ V , we denote by |δ(u)| the degree of u and by δ(G) the minimum among all degrees of the vertices of G.
Finally, if the subsets U, W ⊂ V are disjoint, then we denote by δ(U, W) the cut of U and W, defined as the subset of edges
uv ∈ E such that u ∈ U and v ∈ W.

We say that two given graphs G′ = (V ′, E′) and G′′ = (V ′′, E′′) are isomorphic if they satisfy the standard notion of graph
isomorphism provided in24.

Let T = (V , E) be a tree. The root r(T) of T is a chosen vertex of T . A vertex of T is internal if it has degree at least 2, while a
leaf of T is a vertex of degree exactly 1. We denote the set of leaves of T by Γ(T). The lowest common ancestor in T of two
vertices u and v in V is the unique internal vertex x of T such that

τT
ux = min{τT

ux′ : τT
ux′ = τT

vx′ , for all x′ ∈ V}.

The height of a tree is the maximum among the path-lengths between the root and every leaf. A cherry in T is a pair of distinct
leaves of T that are adjacent to their lowest common ancestor.

A tree T ′ = (V ′, E′) is a subtree of T if V ′ ⊆ V and E′ = E(V ′), while T ′ is a Γ(T)-subtree if T ′ is a subtree of T and
Γ(T ′) ⊆ Γ(T). Two subtrees of T are disjoint if their vertex sets are disjoint.

A tree T = (V , E) is k-ary, for some integer k ≥ 3, if each internal vertex of T has degree at most k. By definition, every tree in
Θk

n is k-ary, and we refer to trees in Θ3
n as cubic.

Throughout this paper, we consider rooted trees as subtrees of trees in Θk
n and therefore introduce several additional definitions.

A k-ary tree T is said to be full if |δ(r(T))| = k – 1 and |δ(u)| = k for every internal vertex u ̸= r(T), while T is perfect if it is full
and the path-length between the root and any leaf equals the height of the tree. By definition, any perfect k-ary tree has (k – 1)h

leaves. Furthermore, perfect k-ary trees minimize
∑

i,j∈Γ(T) τ
T
ij

25.

We note that if T is perfect k-ary and T1 = (V1, E1) and T2 = (V2, E2) are two disjoint Γ(T)-subtrees with heights h1 and h2,
respectively, then the set R(T1, T2) of all lowest common ancestors of pairs of leaves (i, j) with i ∈ Γ(T1) and j ∈ Γ(T2) consists
of a single vertex. We denote this vertex by r(T1, T2). Furthermore, if R(T1, T2) = {r(T1, T2)}, we say that T1 and T2 are adjacent
if there exists a perfect k-ary Γ(T)-subtree T̂ , rooted at r(T1, T2) and of height max{h1, h2} + 1, such that Γ(T1) ∪ Γ(T2) ⊆ Γ(T̂)
(see Figure 2).
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r(T)

r(T2, T3)

T1 T2 T3

T

F I G U R E 2 A perfect 3-ary tree T together with three disjoint perfect 3-ary Γ(T)-subtrees T1, T2, and T3, highlighted by
bold edges and black vertices. Since r(T1) = r(T1, T2) and T is the smallest perfect 3-ary tree of height 3 containing both T1 and
T3, the subtrees T1 and T2 are not adjacent. For the same reason, T1 and T3 are not adjacent. In contrast, because τT

r(T2,T3),i = 2,
for every i ∈ Γ(T2) ∪ Γ(T3) and the heights of T2 and T3 are 1 and 0, respectively, the subtrees T2 and T3 are adjacent.

A tree T is a caterpillar if T \ Γ(T) is a path. If a caterpillar belongs to Θk
n, for some appropriate n and k, there exist exactly

two disjoint subsets of leaves Γ1,Γ2 ⊆ Γ(T) of cardinality k – 1 such that, for every i, j ∈ Γ1 and i′, j′ ∈ Γ2, (i, j) and (i′, j′)
are cherries (see Figure 3). A folklore result shows that a tree in Θk

n is a caterpillar if and only if there exist two leaves whose
path-length is (n – 2)/(k – 2) + 1.

F I G U R E 3 On the left a perfect 4-ary tree. On the right a caterpillar belonging to Θ4
10.

Suppose that T is a caterpillar belonging to Θk
n. We say that T ′ is a comb of T if T ′ is a Γ(T)-subtree and every internal vertex

of T ′ has exactly degree k but two that have exactly degree k – 1 (see Figure 4). These last two vertices are the extremals of the
comb. Note that a comb T ′ of T is such that for every i ∈ Γ(T ′) there is j ∈ Γ(T ′) for which τT′

ij = 3 holds. A tree is a comb if it
is isomorphic to a comb of some caterpillar.

Let T be a perfect k-ary tree and let Γ′ ⊆ Γ(T). A perfect k-ary Γ(T)-subtree T ′ is said to be maximal in Γ′ if Γ(T ′) ⊆ Γ′

and there does not exist any perfect k-ary Γ(T)-subtree T ′′ such that Γ(T ′) ⊊ Γ(T ′′) ⊆ Γ′. Similarly, let T be a caterpillar
tree and let Γ′ ⊆ Γ(T). A comb T ′ of T is maximal in Γ′ if Γ(T ′) ⊆ Γ′ and there does not exist any comb T ′′ of T such that
Γ(T ′) ⊊ Γ(T ′′) ⊆ Γ′.

A tree T is a quasi-caterpillar if there are two Γ(T)-subtrees T ′ and T ′′, hereafter referred to as wings of T , such that T \(T ′∪T ′′)
is a comb (see Figure 4). When T ′ and T ′′ are both perfect k-ary trees with the same height, then we say that T is a balanced
quasi-caterpillar. By definition, every caterpillar belonging to Θk

n is a balanced quasi-caterpillar.

T ′

T
T ′

T ′′

F I G U R E 4 On the left a comb T ′ (highlighted with bold edges) of a cubic caterpillar. On the right a cubic quasi-caterpillar,
with wings T ′ and T ′′ (highlighted with bold edges).
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We define a k-ary distribution of a perfect (k + 1)-ary tree T as a family of pairwise disjoint perfect Γ(T)-subtrees T1, . . . , Ts of
height 0 < h1 < h2 < . . . < hs such that T i is adjacent to T i+1, for all i ∈ {1, . . . , s – 1}. We say that Γ′ ⊆ Γ(T) forms a k-ary
distribution of T if there exists a k-ary distribution T such that Γ′ = ∪T i∈TΓ(T i). Note that, if c is the k-ary expression of |Γ′|,
with s non-zero digits, a k-ary distribution T1, . . . , Ts of T associated with Γ′ can be seen as associating to the leaves of T i the
i-th nonzero digit of c starting from the most significant digit to the least (see, e.g., Figure 5).

1 0 1 1

F I G U R E 5 A 2-ary distribution associated with a set Γ′ with 11 vertices over a perfect 3-ary tree with 16 leaves. The 2-
ary (binary) expression of 11 is ‘1011’ and it is represented by three pairwise adjacent perfect 3-ary Γ(T)-subtrees (highlighted
with bold edges and black leaves) having 23, 21, 20 leaves.

3 ON THE NP-HARDNESS OF THE K-NDP

In the light of the above notation and definitions, we study the complexity of the k-NDP in this section by establishing the
following result:

Theorem 1. The k-NDP is strongly NP-hard for every integer k ≥ 3.

We prove the statement by showing that the following decision version of the k-NDP is NP-complete:

Problem 4 (Decision version of the k-NDP — (d-k-NDP)). Given a graph G = (V , E) of Gk
n , a weight function w : E → Q+

0 ,
and a constants C ∈ Q+, decide whether there exists a spanning tree T of G belonging to Θk

n such that
∑

u,v∈V Lw
T (u, v) ≤ C.

We proceed in two steps: we first show that the classical NP-complete Exact 3-Cover Problem26 can be reduced in polynomial
time to the following more general problem:

Problem 5 (The Exact m-Cover Problem (ECP)26). Given two positive integers ℓ ≥ 1 and m ≥ 3, a finite set M =
{µ1, . . . ,µℓm}, and a family of subsets S ⊆ 2M , such that |σ| = m for every σ ∈ S, decide whether there exists a subset P ⊆ S
such that P is a partition of M.

Subsequently, we show that the ECP can be reduced in polynomial time to the d-k-NDP, by completing so the proof. We start
by showing the following preliminary result:

Proposition 1. The ECP is NP-complete for every integer m ≥ 3.

Proof. We prove that every instance of the exact m-cover can be reduced to an instance of the exact (m + 1)-cover problem.
Consequently, the result follows by the NP-completeness of the exact 3-cover. Let M′ = {µ1, . . . ,µmℓ} and define M =
{µ1, . . . ,µmℓ,µmℓ+1, . . . ,µmℓ+ℓ}. Consider a collection S′ ⊆ 2M′

such that each σ′ ∈ S′ satisfies |σ′| = m. We construct S =
{σ′ ∪ {µ} : σ′ ∈ S′, µ ∈ {µmℓ+1, . . . ,µmℓ+ℓ} } ⊆ 2M , so that every σ ∈ S has size |σ| = m + 1.
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By construction, there is a partition P ⊆ S of M if and only if for every (σ′,µ) ∈ P the σ′’s and µ’s form a partition of M′ and
{µmℓ+1, . . . ,µmℓ+ℓ} respectively. Thus, solving the exact (m + 1)-cover instance requires solving the associated exact m-cover
instance. Therefore, the exact m-cover is at least as hard as the exact 3-cover for every m > 4, and thus NP-complete.

We now prove Theorem 1 by assuming that m = (k – 1)2. To this end, consider a positive integer r and define s = |S|. Consider
a connected graph G = (V , E) defined as follows. The vertex-set V is partitioned into the vertex-sets Vrs, VR, VS, and M =
{µ1, . . . ,µℓ(k–1)2 }, where the first three sets have cardinality r + s, (k – 2)r + (k – 3)s + 2, and ks, respectively. In particular, we
consider s elements of VS indexed by S. Then, G is such that:

• G[VR ∪ Vrs ∪ Vs ∪ S] is a caterpillar belonging to Θk
(r+s)(k–2) with leaf-set VR ∪ S;

• G[VS] has s connected components each of which is a perfect k-ary tree of height 1;

• G[(VS \ S) ∪ M] is a complete bipartite graph whose bipartition is given by VS \ S and M;

• No edges other than those described above are present in G.

Figure 6 represents G for some r > 4, s = 3, and k = 3. We note also that by construction G belongs to Gk
n for n = |R| + |M| +

(s(k – 1)2 – |M|)/(k – 1). Finally, we complete the construction of the instance of Problem 4 by defining the edge-weight function
w. For any edge e such that exactly one of its endpoints belongs to Vrs, we set w(e) = 1.

For edges of the form e = uµj, the weight assignment is defined as follows. The edge uµj has assigned weight 1 if and only if
all the following conditions hold:

(i) the vertex u is adjacent to some σi such that µj ∈ σi;

(ii) at most k – 2 edges of the form uµj and incident to u have weight 1;

(iii) there is no vertex v ̸= u adjacent to the same σi such that w(vµj) = 1.

If any of the conditions (i)–(iii) is violated, we set w(uµj) = |V |3. Finally, all remaining edges are assigned weight 0.

In what follows, with a slight abuse of terminology, we refer to any spanning tree of G belonging to Θk
n as a feasible solution.

Observe that the weight |V |3 assigned to certain edges of the form uµj is chosen sufficiently large so that any feasible solution
containing at least one such edge has strictly larger cost than any feasible solution (if any exists) that avoids all of them. This
observation follows from the facts that |V | > 4 for every k ≥ 3 and for any path P in G such that w(e) ̸= |V |3 for every e ∈ E(P),
then

∑
e∈E(P) w(e) ≤ 4. Consequently, in the remainder of the proof we restrict our attention to feasible solutions of the latter

type.

For a feasible solution T and any couple of vertex-sets U, U′ ⊆ V , we define cost of the pair (U, U′) as

Lw
T (U, U′) = 2

∑
(u,v)∈U×U′

Lw
T (u, v).

When U = U′, we simply write Lw
T (U) and we refer to this quantity as the cost of U. In particular, when U = V , we refer to

Lw
T (V) as the cost of T .

By construction, the edge-set of every feasible solution contains E(G[VR ∪ Vrs ∪ S])). Moreover, for every feasible solution,
every u′ ∈ M and r′ ∈ VR (respectively, v′ ∈ Vrs) we have that Lw

T (r′, u′) = 3 (respectively, Lw
T (r′, u′) = 2). Therefore, the cost

C0 = Lw
T (VR) + Lw

T (VR, Vrs) + Lw
T (VR, S) + Lw

T (VR, M) + Lw
T (Vrs) + Lw

T (Vrs, M) + Lw
T (Vrs, S) + Lw

T (S),

is a constant for every feasible solution, i.e., this cost does not depend on the choice of T . Finally, denote by T k the set of
feasible solutions whose edge-set contains E(VS). Then, in the light of the above notation, the following proposition holds:

Proposition 2. For r > 8k3ℓ2s2, the cost of any feasible solution in T k is strictly smaller than the cost of every feasible solution
not in T k.
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σ3σ2σ1

1 2 3 4 5 76 8

Vrs

VR

VS

M

F I G U R E 6 An example of an instance of Problem 4 when assuming k = 3, r > 4, M = {1, . . . , 8}, and S =
{σ1 = (1, 2, 3, 4), σ2 = (3, 4, 5, 7), σ3 = (5, 6, 7, 8)}. The light gray edges (all of which are incident to M) are those for which the
corresponding weight is |V |3.

Proof. Let T ∈ T k and T ′ be any feasible solution not in T k. First, observe that

Lw
T (V) = C0 + Lw

T (VR, VS \ S) + Lw
T (Vrs, VS \ S) + Lw

T (VS \ S) + Lw
T (VS, M) + Lw

T (M).

By definition of T k we have that, Lw
T (VR, VS) = 4(k – 1)s|R|, Lw

T (Vrs, VS \ S) = 2(k – 1)s(r + s), Lw
T (VS \ S, VS \ S) + Lw

T (VS, M) ≤
4s2(k – 1) + 8ℓsk(k – 1)2 as Lw

T (u, v) ≤ 4 holds true for any couple of vertices (u, v) in VS × M, and Lw
T (M) ≤ 6ℓ2(k – 1)2 as

Lw
T (u, v) ≤ 3 holds true for any couple of vertices u, v in M. Therefore, we have that

Lw
T (V) ≤ C′ = C0 + 4(k – 1)s|R| + 2(k – 1)s(r + s) + 4s2(k – 1) + 8ℓsk(k – 1)2 + 6ℓ2(k – 1)2.

Also observe that, since T ′ belongs to Θk
n, there are k – 1 edges of the form uσi ∈ G[Vs] \ T ′, for some σi ∈ S. For these

edges, either Lw
T′ ({u}, VR) or Lw

T′ ({σi}, VR) equals 8|R|. Similarly, Lw
T′ ({u}, Vrs) or Lw

T′ ({σi}, Vrs) equals 6(r + s). Hence, the
Lw

T′ (V) > C′′ = C0 + 4(k – 1)(s + 1)|R| + 2(k – 1)(s + 4)(r + s). Then, if r > 8k3ℓ2s2, C′ < C′′, i.e., Lw
T (V) < Lw

T′ (V). Thus, the
statement follows.

Now, assume that r > 8k3ℓ2s2. By Proposition 2, every feasible solution T whose cost Lw
T (V) is smaller than some appropriate

constant belongs to T k. Moreover, always by Proposition 2, the cost Lw
T (VR, VS \ S) is constant for every T ∈ T k, and every

vertex in M has degree 1. This fact implies that the cost Lw
T (VS, M) is constant for every T ∈ T k, since for every vertex µi in M

there is precisely one vertex sj in VS such that the Lw
T (µi, sj) = 1, and Lw

T (µi, sj′ ) = 3 for all sj′ ∈ VS, with j′ ̸= j. Therefore, the
cost C1 = Lw

T (VR, VS \ S) + Lw
T (Vrs, VS \ S) + Lw

T (VS \ S) + Lw
T (VS, M), is constant for any T ∈ T k.

We now observe that the following proposition holds:

Proposition 3. There exists T∗ ∈ T k such that Lw
T∗ (V) ≤ C0 + C1 + 2(k – 1)2(2(k – 1)2 – ℓ – 1) if and only if there exists a

partition P ⊆ S of M.

Proof. Let T ∈ T k. Denote by Sσ the set of vertices of VS that are adjacent in T to σ ∈ S. Since T ∈ Θk
n we can define the

number sh of sets Sσ , for all σ ∈ S such that the number of vertices of M adjacent in T to Sσ is exactly h, where h ∈ H =
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{0, k – 1, 2(k – 1), . . . , (k – 1)2}. Moreover, let S(T) be the set of couples (u, v) of vertices of M such that Lw
T (u, v) = 2. Then,

Lw
T (M) = 4(k – 1)2((k – 1)2 – 1) – 4|S(T)| = 4(k – 1)2((k – 1)2 – 1) – 2

∑
h∈H

h · sh.

Note that the cost Lw
T (M) decreases as 2

∑
h∈H h · sh increases. In particular, since every h is a multiple of k – 1, this sum is as

small as possible when sh is as big as possible. By definition, s(k–1)2 ≤ ℓ, and s(k–1)2 = ℓ if and only if all the corresponding Sσ’s
counted by s(k–1)2 are such that there is a partition P of M for which σ ∈ P. Moreover, if s(k–1)2 = ℓ, every other sh = 0 for any
T ∈ T k by construction, and hence Lw

T (M) = 2(k – 1)2(2(k – 1)2 – ℓ – 1).

Therefore, assume that s(k–1)2 = ℓ and set C = C0 + C1 + 2(k – 1)2(2(k – 1)2 – ℓ – 1). Then,
∑

u,v∈V Lw
T (u, v) = C if and only if

there is a partition P ⊆ S of M.

From the proof of Proposition 3 we can deduce that Lw
T∗ (V) ≥ C. Thus, if r > 8k3ℓ2s, answering “yes” or “no” to Problem 4

is equivalent to deciding whether S contains a partition of M or not in the ECP. As the ECP is NP-complete, so is the
d-k-NDP.

4 ON THE NP-HARDNESS OF THE MIN-(K, τ )-NDP

In this section, we prove the NP-hardness of the Min-(k, τ )-NDP. We will first show that this result holds for k = 3, i.e., that

Theorem 2. The Min-(3, τ )-NDP is strongly NP-hard.

Subsequently, we will strengthen this result by generalizing it to any arbitrary integer k ≥ 3.

We start by considering the following problem:

Problem 6. Given a finite set Γ′ and a positive integer n such that 2n > |Γ′|, find a perfect 3-ary tree T∗ with 2n leaves that
minimizes

∑
i,j∈Γ′ τT

ij .

We first observe that the following proposition holds:

Proposition 4. Let T∗ be an optimal solution to Problem 6 with input Γ′ and n. Then, no two maximal perfect 3-ary Γ(T∗)-
subtrees whose leaves are indexed by Γ′ have the same height.

Proof. Suppose, by contradiction, that T∗ is an optimal solution to Problem 6 containing two perfect 3-ary disjoint Γ(T∗)-
subtrees T1 and T2 such that: (i) having the same height h, (ii) being maximal in Γ′, and (iii) whose leaves are indexed by Γ′.
Denote by T̂1, T̂2 the two connected components of T \ {r(T1, T2)} such that that T1 ⊂ T̂1 and T2 ⊂ T̂2. By maximality of T1

and T2, there exist two families T1 and T2 of perfect 3-ary Γ(T∗)-subtrees such that every element has height h, is contained in
T̂1 and T̂2, and that is disjoint from and adjacent to T1 and T2, respectively. Moreover, always by maximality of T1 and T2, both
Γ(T̂1) \ Γ(T1) and Γ(T̂2) \ Γ(T2) are not subsets of Γ′.

Denote by T ′ the perfect 3-ary tree with 2n leaves obtained by swapping the labels on the leaves of T1 with those of any tree T4

in T2, and T ′
1 and T ′

4 the two subtrees of T ′ corresponding to T1 and T4, respectively. Similarly, denote by T ′′ the perfect 3-ary
tree obtained by swapping the labels on the leaves of T2 with those of any tree T3 in T1, and T ′′

2 and T ′′
3 the two subtrees of T ′′

corresponding to T2 and T3, respectively.

In what follows, we prove that the cost of the solution associated with T ′ or T ′′ is strictly smaller than the cost of T∗, contra-
dicting the optimality of (T∗). First note that most contributions to the total costs of T∗, T ′, and T ′′ are the fixed. Specifically,
for every i in Γ(T̂1) and j in Γ(T̂2), τT∗

is = τT∗

js for all s ∈ Γ(T∗) \ (Γ(T̂1) ∪ Γ(T̂2)). Thus, by swapping i with j, any possible
change in the cost the objective function of the problem depends only on the pairwise distances of vertices in Γ(T̂1) ∩ Γ′, those
in Γ(T̂2) ∩ Γ′, and the distances between vertices in Γ(T̂1) ∩ Γ′ and Γ(T̂2) ∩ Γ′. Moreover, the cost relative to the swap of the
labels on Γ(T1) with those indexed by T4 is fixed, since τT∗

ij = τT′

i′j′ for every i ∈ Γ(T1), j ∈ Γ(T4), i′ ∈ Γ(T ′
1), and j′ ∈ Γ(T ′

4).
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Note also that all these remarks hold when swapping the labels of T2 with those of T3. Therefore, denote by C0 these invariant
costs. In conclusion, any variation in the cost after one of these swaps depends on the following contributions:

l∗i =
∑

p∈Γ(T̂1)\Γ(T1)

τT∗

ip and r∗i =
∑

q∈Γ(T̂2)\Γ(T4)

τT∗

iq for i ∈ Γ(T1),

l∗j =
∑

p∈Γ(T̂1)\Γ(T1)

τT∗

jp and r∗j =
∑

q∈Γ(T̂2)\Γ(T4)

τT∗

jq for j ∈ Γ(T4).

We also denote l′i ,l
′
j ,l

′′
i ,l′′j ,r′i ,r

′
j ,r

′′
i , and r′′j , the similar contributions relative to T ′ and T ′′. Since T1, T2, T3, and T4 are perfect, all

these quantities do not depend on the choice of i and j. Thus,∑
i∈Γ(T1)

(l∗i + r∗i ) = |Γ(T1)|(l∗i + r∗i ),
∑

j∈Γ(T̂1)\Γ(T1)

(l∗j + r∗j ) = |Γ(T4) ∩ Γ′|(l∗j + r∗j ).

Similar equalities hold for the sums of l′i ,l
′
j ,l

′′
i ,l′′j ,r′i ,r

′
j ,r

′′
i , and r′′j , and, moreover, |Γ(T1)| = |Γ(T ′

4)|, |Γ(T4) ∩ Γ′| = |Γ(T ′
1) ∩ Γ′|,

|Γ(T2)| = |Γ(T ′′
3 )|, and |Γ(T3) ∩ Γ′| = |Γ(T ′′

2 ) ∩ Γ′|.

Now, suppose that
∑

i∈Γ(T1)(l
∗
i + r∗i ) >

∑
j∈Γ(T4)(l

∗
j + r∗j ). Then, in the light of the qbove equalities, the cost of T∗ corresponding

to Γ(T1) and Γ(T4) ∩ Γ′ is c∗ = |Γ(T1)|(l∗i + r∗i ) + |Γ(T4) ∩ Γ′|(l∗j + r∗j ), while the corresponding one of T ′ is c′ = |Γ(T4) ∩ Γ′|(l′i +
r′i ) + (l′j + r′j )|Γ(T1)|. Due to the maximality of T1, we have that |Γ(T4) ∩ Γ′| < |Γ(T1)|, which implies that c′ is strictly smaller
than c. With similar arguments, it is easy to see that if

∑
i∈Γ(T1)(l

∗
i + r∗i ) <

∑
j∈Γ(T4)(l

∗
j + r∗j ), then the cost of T ′′ is smaller than

the one of T∗. Finally, note that the condition
∑

i∈Γ(T1)(l
∗
i + r∗i ) =

∑
j∈Γ(T4)(l

∗
j + r∗j ) cannot hold true as, by maximality of T1

and T2, both |Γ(T4)∩Γ′| and |Γ(T3)∩Γ′| are strictly smaller than |Γ(T1)| and |Γ(T2)|. Thus, the cost of either T ′ or T ′′ is strictly
smaller than the corresponding one of T∗, contradicting the hypothesis of optimality of T∗.

Now, let T∗ denote an optimal solution to Problem 6 with input Γ′ and n. Then, the following proposition holds:

Proposition 5. The subset of leaves Γ′ forms a 2-ary distribution on T∗ if and only if T∗ is an optimal solution to Problem 6.

Proof. We prove the statement by showing that every feasible solution to Problem 6 that does not form a 2-ary distribution is
not optimal. On the contrary, it is easy to see that every 2-ary distribution has the same cost.

By Proposition 4, no two perfect 3-ary Γ(T∗)-subtrees that are maximal on Γ′ have the same height. Thus, there is a sequence
T1, . . . , Ts of perfect k-ary Γ(T∗)-subtrees having height h1 < h2 < . . . < hs that are maximal on Γ′. To conclude that Γ′ forms
a 2-ary distribution over T∗, it remains to prove that T i and T i+1 are adjacent, for all i = 1, . . . , s – 1.

Let T i be the first tree in the collection i such that T i and T i+1 are not adjacent. Since T i is maximal, there exists a (unique) perfect
3-ary Γ(T∗)-subtree T̃ adjacent to T i and having height hi + 1 and such that Γ′(T̃) is strictly contained in Γ(T̃). Similarly to the
proof of Proposition 4, to reduce the total cost it suffices to swap the leaves of T i+1 with those of T̃ ′, since |Γ′(T̃)| < |Γ′(T i+1)|
by assumption.

Remark 1. As for Problem 6, 2-ary distributions corresponds to optimal solutions of the similar optimization problem of
finding the minimum among all balanced quasi-caterpillars whose wing have height h and under the additional constraint of Γ′

indexing only leaves of the two wings with |Γ′| < 2h.

Let k, n and h be three positive integers such that n > 2(k – 1)h. Then, given a set of items Γ, with |Γ| = (k – 1)h, we denote by
T k

n (Γ)the subset of quasi-caterpillars in Θk
n whose wings’ leaf-sets are indexed by Γ. Consistently with the propositions above,

we restrict ourselves to the case in which k = 3 in the following:



On the Complexity of Degree-Constrained Network Design Problems with Linear and Nonlinear Objectives 11

Problem 7. Given two positive integers n and h such that n > 2h+1, and three mutually disjoint sets Γ0,Γ1, and Γ2 such that
|Γ0| is even, |Γ1| = |Γ2| and |Γ0| + |Γ1| + |Γ2| = 2h+1, find a tree T belonging to T 3

n (Γ0 ∪ Γ1 ∪ Γ2) that minimizes

∑
i,j∈Γ0

εijτ
T
ij + M

∑
i,j∈Γ1

τT
ij +

∑
i,j∈Γ2

τT
ij

 + 2γ
∑

i∈{u,v},j∈Γ′

τT
ij ,

where u and v are two leaves such that τT
uv = n – 1 and εij = εji ∈ {0, 1}, M > |Γ0| and γ > Mn|Γ1|2.

Proposition 6. The optimal solution of Problem 7 is a balanced quasi-caterpillar.

Proof. We prove the statement by contradiction. Assume that the optimal solution T∗ is not a balanced quasi-caterpillar, and
denote by T ′ and T ′′ its wings. Without loss of generality, assume that |Γ(T ′)| ≥ |Γ(T ′′)| and that τT′

u,r(T′) = 2. Consequently, by
assumption, τT′′

v,r(T′′) = 2. Let i ∈ argmax{τT∗

ju : j ∈ Γ(T ′)}. Since T∗ is not a balanced quasi-caterpillar, the choice of i ∈ Γ(T ′)
satisfies τT∗

iu > log2 |Γ0 ∪ Γ1 ∪ Γ2|, where τT
iu = log2 |Γ0 ∪ Γ1 ∪ Γ2| for every T ∈ T 3

n (Γ0 ∪ Γ1 ∪ Γ2). Moreover, since T ′ is a
cubic tree, there exists i′ ∈ Γ0 ∪ Γ1 ∪ Γ2 such that (i, i′) is a cherry.

Similarly, let i′′ ∈ argmin{τT′′

iv }. Consider now the quasi-caterpillar T̂ obtained from T∗ by removing i and i′, relabeling the
vertex adjacent to i in T∗ with i′, relabeling i′′ with a new label î /∈ Γ(T∗), and finally adding i and i′′ so that both become
adjacent to î. Since the longest path in a cubic tree with q leaves has length q–1, and since M > |Γ0| > |Γ0|–1, the contributions of
i, i′, and i′′ to the cost difference between T∗ and T̂ are at least γ – Mn|Γ1|2, 2γ, and –M|Γ1|2, respectively. A direct computation
then shows that the difference between the cost of T∗ and the one of T̂ is at least γ – Mn|Γ1|2, and this quantity is positive by
hypothesis. Thus, the cost associated with T̂ is strictly smaller than the one associated with T∗, contradicting its optimality.

In the light of the above propositions, we now prove Theorem 2 by reducing the following classical NP-hard problem to the
Min-(3, τ )-NDP:

Problem 8 (The Graph Bisection Problem (GBP)27). Given a simple connected graph G = (V , E) having 2p vertices, for some
p ∈ Z+, find a partition of V into two equal-sized subsets U∗ and W∗ that minimizes |δ(U∗, W∗)|.

We will show that, given an optimal solution to an instance of the Min-(3, τ )-NDP, appropriately built from an instance of the
GBP, it is possible to compute in polynomial time a sub-partition of the leaf-set Γ that induces an optimal solution to the given
instance of the GBP. The NP-hardness of the Min-(3, τ )-NDP, then, will immediately derive from the NP-hardness of the
GBP. We start by considering an input graph G = (V , E) of the GBP, for some fixed p ∈ Z+. Denoted m and s two non-negative
integers such that p+m is the smallest possible power of two and s is the smallest integer strictly greater than log2(p+m)(p2–1)–1.
Then, we define three sets of items: V1 and V2 both having cardinality m and such that V , V1, and V2 are mutually disjoint; and
R = {r–s, . . . , r–1, r0, . . . , rs}, such that R ∩ (V ∪ V1 ∪ V2) = ∅. We observe that, by definition, 2m + 2p + 2s + 1 is polynomially
bounded in p. Finally, we denote by M, γ1, γ2 and γ3 four positive rationals respecting the following inequalities:

• M > 2
(
log2(p + m) + s + 1

)
p2,

• γ1 < (2s – 2)γ2 + (p + m)(5 – 4s)γ3,

• γ1 > 6γ2 + (p + m)(4 log2(p + m) + 4s + 9)γ3

• γ2 >
2(p + m)(2s – log2(p + m) + 1)

s – 4
γ3,

• γ3 > 2M
(

p + m + s +
1
2

)
m2,

(note that the fourth condition ensures the compatibility of the second and third conditions). Then, we build an instance of the
Min-(3, τ )-NDP by setting

• Γ = V ∪ V1 ∪ V2 ∪ R;

• dij = 1 for all ij ∈ E;
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• dij = M for all i, j ∈ V1 or i, j ∈ V2;

• driri+1 = γ1 for all i ∈ {–s + 1, . . . , s – 2};

• dr–s,r–s+1 = drs–1,rs = γ2;

• dr–si = drsi = γ3 for all i ∈ V ∪ V1 ∪ V2;

• and dij = 0 otherwise.

Now, let T∗ be the optimal solution to the Min-(3, τ )-NDP and let T min
(3,τ ) denote the subset of feasible solutions to the Min-(3, τ )-

NDP that are balanced quasi-caterpillars and such that (i) the leaf-sets of the wings are a partition of V ∪ V1 ∪ V2 and (ii) the
remaining leaves are indexed from the left to the right by r–s, . . . , rs. Then, the following proposition holds:

Proposition 7. The optimal solution T∗ to the Min-(3, τ )-NDP belongs to T min
(3,τ ).

Proof. We first observe that any cubic tree in T min
(3,τ ) satisfies τriri+1 = 3 for every i ∈ {–s, . . . , s – 1}. Hence, by definition of T min

(3,τ )
and by hypothesis on γ3, the cost of any solution in T min

(3,τ ) is at most

2
(
3(2s – 2)γ1 + 6γ2 + (p + m)(4 log2(p + m) + 4s + 9)γ3

)
. (1)

Assume by contradiction that T∗ does not belong to T min
(3,τ ). Since T∗ is a cubic tree, if τT∗

rjrj+1
= 2 for some j ∈ {–s + 1 . . . , s – 2},

then one of the following holds:

(i) τT∗

rj–1rj
, τT∗

rj+1rj+2
≥ 4 if –s + 2 < j < s – 3;

(ii) one among τT∗

r–s+1r–s+2
or τrs–2rs–1 equals 2.

Suppose that (i) holds true. Then, the cost associated with T∗ is at least 2(γ1 – 6γ2 – (p + m)(4 log2(p + m) + 4s + 9)γ3) and the
difference between this quantity and (1) is 2(3(2s – 2)γ1 + γ1). By the hypothesis on γ1, this quantity is positive, hence if (i)
holds T∗ cannot lead to an optimal solution.

Now suppose that (ii) holds true and that τT∗

rs–2rs–1
= 2. Then, as for condition (i), assuming some τT∗

rj–1rj
, τT∗

rj+1rj+2
≥ 4 never leads to

the optimum, and hence, we assume that for all τT∗

riri+1
= 3 with i ∈ {–s, .., s – 2}, which leads τT∗

rsrs–1
= 2s + 1. By Remark 1, the

least expensive subtree with leaf-set V ∪ V1 ∪ V2 (with respect to both r–s and rs) is a perfect 3-ary tree. A direct calculation
yields that its cost is at least 2((3(2s – 3) + 2)γ1 + (2s + 4)γ2 + (p + m)(4 log2(p + m) + 14)γ3), and the difference between this
last cost and (1) is 2(–γ1 + (2s – 2)γ2 + (p + m)(5 – 4s)γ3), which is positive by the hypothesis on γ1, γ2 and γ3.

Therefore, the optimal solution must be a quasi-caterpillar whose wings are indexed by V ∪ V1 ∪ V2. Thus, by Proposition 6
applied with γ = γ3 (noting that the constant M used here is significantly larger than the one used in the proof of Proposition 6),
the optimal solution is a balanced quasi-caterpillar.

Given the optimal solution T∗ to the Min-(3, τ )-NDP, the following proposition holds:

Proposition 8. The vertex-sets V1 and V2 form a 2-ary distribution over T̂ ′ and T̂ ′′, respectively.

Proof. First, observe that since M > 4p2(p + m)2 and |E| < p2, we have∑
ij∈E

τT∗

ij < 2
(
log2(p + m) + s + 1

)
|E| < 2

(
log2(p + m) + s + 1

)
p2 < M.

This implies that increasing by one the path-length between two leaves both indexed by V1, or between two leaves both
indexed by V2, improves the objective value of the Min-(3, τ )-NDP more than any possible reassignment of the labels in V
among the leaves of T̂ ′ and T̂ ′′. Consequently, any optimal solution must minimize the partial costs

∑
i,j∈V1

τT∗

ij and
∑

i,j∈V2
τT∗

ij

independently of the placement of the elements of V . By applying Remark 1 first with respect to r–s and then with respect to
rs, it follows that every optimal solution induces two 2-ary distributions on T̂ ′ and T̂ ′′, corresponding to the sets V1 and V2,
respectively.
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r–s
r–s+1 r0 rs–1 rs

V(G1) U W V(G2)

F I G U R E 7 An example of the cubic tree in Proposition 8 when assuming p = 3 and m = 5. The bipartition of the vertex-set
V into two equal-sized vertex-subsets U, W is a consequence of the two 2-ary distributions (highlighted with bold edges and
black leaves) formed by V1 and V2, respectively.

By Propositions 7 and 8, |Γ(T̂ ′)| = |Γ(T̂ ′′)| = p + m, and V1 and V2 form 2-ary distributions on T̂ ′ and T̂ ′′, respectively.
Hence, there are exactly p leaves indexed by G in T̂ ′ and T̂ ′′, respectively; therefore, there is a partition (U, W) of V such that
Γ(T̂ ′) = V1 ∪ U and Γ(T̂ ′′) = V2 ∪ W with |U| = |V | = p (see Figure 7).

Now, we show that the partition of G associated with T∗ constitutes an optimal solution to the given instance of the GBP. To
this end, let z∗ denote the cost of any feasible solution to the Min-(3, τ )-NDP respecting Propositions 7 and 8 such that the cut
associated with the partition of G is optimal for the corresponding GBP instance. Let δ∗ denote the cardinality of this solution.
Similarly, let z′ denote the cost of any feasible solution to the Min-(3, τ )-NDP respecting Propositions 7 and 8 for which the
cut associated with the partition of G is not optimal for the GBP instance. Let δ′ denote the cardinality of this solution. Then,
observe that the cost

C0 = 2

(
3(2s – 2)γ1 + 6γ2 + 2(p + m)(log2(p + m) + 2s + 4)γ3 +

1
2

(∑
i, j∈V1

τij +
∑

i, j∈V2

τij

)
M

)

associated with all weights that differ from 1 is valid for both feasible solutions by construction. Then,

z∗ < C0 + 4δ∗(log2(p + m) + s + 1) + 4
(
log2(p + m)

)
(|E| – δ∗)

< ϕ1 = C0 + 4δ∗(log2(p + m) + s + 1) + 4
(
log2(p + m)

)
p2,

while z′ > ϕ2 = C0 + 4δ′(log2(p + m) + s + 1). By hypothesis on s, we have that ϕ1 < ϕ2. Thus, the cost of any optimal solution to
the Min-(3, τ )-NDP is at most z∗ and the equal-sized partition of G provided by (V ∩ Γ(T̂ ′), V ∩ Γ(T̂ ′′)) constitutes an optimal
solution to the considered instance of the GBP.

Generalization.
The concatenation of the propositions presented in this section allowed us to prove Theorem 2. We briefly observe here, however,
that such a theorem can be easily generalized to any integer k > 3. Specifically, to account for generic k > 3 in the construction
of an instance of the Min-(k, τ )-NDP, we consider the following instance:

• Γ = V ∪V1 ∪V2 ∪R = {r1
–s, . . . , rk–2

–s , . . . , r1
–1, . . . , rk–2

–1 , r1
0, . . . , rk–2

0 , . . . , r1
s , . . . , rk–2

s }, with rj
i ̸∈ Γ \ R for all i ∈ {–s, . . . , s}

and all j ∈ {1, . . . , k – 2};

• dij = 1 for all ij ∈ E;

• dij = M for all i, j ∈ V1 and i, j ∈ V2;

• drj
ir

j
i+1

= γ1 for all i ∈ {–s + 1, . . . , s – 2} and j ∈ {1, . . . , k – 2};
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• drj
–s,r1

–s+1
= drj

s–1,r1
s

= γ2 for all j ∈ {1, . . . , k – 2};

• dr1
–si = dr1

s i = γ3 for all i ∈ V ∪ V1 ∪ V2;

• and dij = 0 otherwise.

Then, it is sufficient (i) to assume that m is such that m + p is the smallest possible power of k – 1 (instead of 2); (ii) to note that,
for γ1, γ2 and γ3 large enough, T∗ is a balanced quasi-caterpillar whose wings are two perfect k-ary subtrees of height m + p;
(iii) to note that, for M large enough, both V1 and V2 form two k – 1-ary distributions on the wings of T∗; and (iv) for s large
enough, the partition of size p of G, indexing a part of the leaves of the wings of T∗, is an optimal solution to the GBP for the
instance G. Thus, the following more general result holds:

Theorem 3. The Min-(k, τ )-NDP is strongly NP-hard for every integer k ≥ 3.

5 ON THE NP-HARDNESS OF MAX-(K, τ )-NDP

In this section, we prove the NP-hardness of the Max-(k, τ )-NDP. As for the Min-(k, τ )-NDP, we will first show that this result
holds for k = 3, i.e., that

Theorem 4. The Max-(3, τ )-NDP is strongly NP-hard.

We will then discuss how to generalize this result to arbitrary integers k > 3. We start by observing that the following result
holds:

Proposition 9. Let n, m ≥ 1 be two integers, and let α ≥ 1 be a rational constant. Let {ai}m
i=1 and {bi}m

i=1 denote two sets of
strictly positive integers such that 2 < a1 < . . . < an and 2 < b1 < . . . < bm. Then, precisely one of the following two inequalities
holds:

n∑
i=1

aαi +
m∑

i=1

bαi <
n∑

i=1

(ai – a′)α +
m∑

i=1

(bi + a′)α, for every a′ ∈ {1, . . . , a1 – 3}; (2)

n∑
i=1

aαi +
m∑

i=1

bαi ≤
n∑

i=1

(ai + b′)α +
m∑

i=1

(bi – b′)α, for every b′ ∈ {1, . . . , b1 – 3}. (3)

Proof. For a fixed ε > 0, consider the following polynomial real functions defined on the interval [0, a1 –3+ε) and [0, b1 –3+ε)
respectively:

fα(x) =
n∑

i=1

(–x + ai)α +
m∑

i=1

(x + bi)α – Aα – Bα and gα(x) =
n∑

i=1

(x + ai)α +
m∑

i=1

(–x + bi)α – Aα – Bα,

where Aα =
∑n

i=1 aαi and Bα =
∑m

i=1 bαi . We shall analyze now the behavior of these functions as α, n, and m vary, to determine
when the inequalities under consideration hold. We begin by observing that when α = 1, f1(x) = –nx + mx = (m – n)x and
g1(x) = nx – mx = (n – m)x. Hence, (2) holds when m < n, while (3) holds when m ≥ n.

Now, assume that α > 1 and consider the derivatives of both functions with respect to x, namely

f ′α(x) = α

(
–

n∑
i=1

(–x + ai)α–1 +
m∑

i=1

(x + bi)α–1

)
and g′

α(x) = α

(
n∑

i=1

(x + ai)α–1 –
m∑

i=1

(–x + bi)α–1

)
.

If f ′α(x0) > 0, for some x0 ∈ (0, a1 –3+ε)∩(0, b1 –3+ε), then
∑m

i=1 (x0 + bi)α–1 >
∑n

i=1 (–x0 + ai)α–1. Alternatively, if f ′α(x0) ≤ 0,
then we have that n∑

i=1

(ai + x0)α–1 >
n∑

i=1

(ai – x0)α–1 ≥
m∑

i=1

(bi + x0)α–1 >
m∑

i=1

(bi – x0)α–1,

i.e., g′α(x0) > 0, for some x0 ∈ (0, b1 – 3 + ε).
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Moreover, as ai – a1 + 3 > 0 and bi – b1 – 3 > 0, the second derivatives of both functions, i.e.,

f ′′α (x) = α(α – 1)(fα–2(x) + Aα–2 + Bα–2) and g′′
α(x) = α(α – 1)(gα–2(x) + Aα–2 + Bα–2)

are always strictly positive in (0, a1 – 3 + ε) and (0, b1 – 3 + ε), respectively. Therefore, the convexity of fα(x) implies that, if
f ′α(x0) > 0 for some x0 ∈ (0, a1 – 3 + ε), then fα(x) is strictly increasing in the whole interval, while gα(x) is weakly decreasing
on (0, b1 – 3 +ε). Conversely, the convexity of gα(x) implies that, if g′

α(x0) > 0 for some x0 ∈ (0, b1 – 3 +ε), then gα(x) is strictly
increasing in the whole interval, while fα(x) is weakly decreasing on (0, a1 – 3 + ε).

To conclude, since fα(0) = gα(0) = 0, and both functions are strictly convex with opposite slope sign on their respective
intervals, i.e., either fα(a′) > 0 or gα(b′) ≥ 0 when restricting them to integers.

We prove Theorem 4 by reducing the following classical NP-hard problem to the Max-(3, τ )-NDP:

Problem 9 (The Max-Cut Problem (MCP)27). Given a graph G = (V , E), with p vertices, for some p ∈ Z+, find a partition of
V into two subsets U∗ and W∗ that maximizes |δ(U∗, W∗)|.

We will show that, given an optimal solution to an instance of the Max-(3, τ )-NDP, appropriately built from an instance of the
MCP, it is possible to compute in polynomial time a sub-partition of the leaf-set Γ that induces an optimal solution to the given
instance of the MCP. The NP-hardness of the Max-(3, τ )-NDP, then, will immediately follows from the NP-hardness of the
MCP.

We start by considering an input graph G = (V , E) of the MCP, for some fixed p ∈ Z+. Denoted by ℓ any positive integer such
that ℓ > 3p3 + p2, consider a set of vertices L disjoint from V and having cardinality ℓ. We observe that, by definition, p + ℓ is
polynomially bounded in p. Finally, denote by ω a positive integer such that ω > p2(p + ℓ + 1). Then, we build an instance of
the Max-(3, τ )-NDP as follows. Set:

• Γ = V ∪ L ∪ {r1, r2}, where r1 and r2 are two distinct vertices such that r1, r2 ̸∈ V ∪ L;

• dij = 1 for all ij ∈ E;

• dr1r2 = ω;

• and dij = 0 otherwise.

Let T max
(3,τ ) denote the set of caterpillars that are feasible solutions to the considered instance of the Max-(3, τ )-NDP and such

that r1 indexes a leaf of one cherry and r2 indexes a leaf of the (unique) other cherry. Then, the following claim holds:

Proposition 10. The optimal solution T∗ belongs to T max
(3,τ ).

Proof. Let T denote any feasible solution in T max
(3,τ ) and let T ′ denote any feasible solution not in T max

(3,τ ), i.e., T ′ is not a caterpillar,
or it is a caterpillar but at least one between r1 and r2 does not index leaves of different cherries. Note that for a cubic tree on |Γ|
leaves, the maximal path-length between a pair of leaves is at most |Γ| – 1. Moreover, the path-length |Γ| – 1 is achieved by some
pair of leaves if and only if the cubic tree is a caterpillar25,17. Then, τT

r1,r2
= p + ℓ + 1 holds for T , while τT′

r1r2
< p + ℓ + 1 holds

for T ′, but possibly τT′

u,v = p + ℓ + 1, for some u, v ∈ V . Then, if z and z′ are the costs of T and T ′ with respect to the objective
function of the Max-(3, τ )-NDP, then we have that z > 2ω(p + ℓ + 1) > ϕ1 = 2w[p + ℓ + 1] and z′ < 2[ω(p + ℓ) + |E|(p + ℓ + 1)] <
ϕ2 = 2[ω(p + ℓ) + p2(p + ℓ + 1)]. As ω > p2(p + ℓ + 1), ϕ1 > ϕ2, hence, z > z′. Thus, the cost of every feasible solution not
belonging to T max

(3,τ ) is smaller than z and the statement follows.

Now, we show that the optimal solution T∗ can be partitioned with respect to G. More precisely, the following proposition
holds:

Proposition 11. There exists an optimal solution T∗ to the Max-(3, τ )-NDP that can be partitioned into three connected
components CL, CU , and CW , such that Γ(CL) = L, Γ(CU) = U ∪ {r1}, and Γ(CW ) = W ∪ {r2}, for some partition (U, W) of V.



16 Catanzaro ET AL.

r1 r2

a2 a1 λ′ i1 i2 i3 λ′′ b1

Γ(T2) Γ(T1) Γ(T3)

F I G U R E 8 An example of a cubic tree from the family described in Proposition 11, partitioning the vertex-set V , with
|V | = 6. In particular, ΓE(T2, i1) = {a1, a2}, and ΓE(T3, i1) = {b1}, while bold edges represent the comb T1 with leaf-set
{i1, i2, i3}.

Proof. Denote by z(T) =
∑

i,j dijτ
T
ij , the cost of any feasible solution T to Max-(3, τ )-NDP, and by ΓE(T̃ , i) = {j ∈ Γ(T̃) : ij ∈ E}

for any Γ(T)-subtree T̃ .

Suppose, by contradiction, that any optimal solution T∗ ∈ T max
(3,τ ) does not respect the statement. Then, we will show that either

T∗ cannot be optimal or that it is possible to generate in polynomial time a sequence of cubic trees that starts from T∗ and
whose last element is an optimal solution to the Max-(3, τ )-NDP that respects the statement, by leading in both cases to a
contradiction.

First, assume that there is a comb T0 of T∗ such that Γ(T0) = V . Because ℓ is strictly bigger than 2p, then for every i ∈ Γ\{r1, r2},
we must have either τT∗

r1,i ≥ p, or τT∗

r2,i ≥ p, or both. Assume the first case and denote by î the leaf of T such that r1 and î form a
cherry. Let j0 ∈ Γ(T0) be any leaf of T∗ such that j0 = argminj∈Γ(T0){τ

T∗

ĵi
}, and denote by T ′ the feasible solution obtained by

swapping the label î with j0. By construction, τT′

j0r1
≤ p, hence z(T ′) ≥ z(T∗) –

∑
j∈ΓE(T0,j0) τ

T∗

jj0 +
∑

j∈ΓE(T0,j0)(τ
T′

jj0 + p) > z(T∗),
contradicting the optimality of T∗. Thus, there are at least two disjoint combs of T∗ that are maximal with respect to V .

We now proof that, if for any optimal solution T∗, there exist strictly more than two disjoint combs that are maximal with
respect to the subset V , then one of the following two scenarios must hold: either T∗ is not an optimal solution to the problem,
or it is possible to transform in polynomial time T∗ into a new feasible solution where the number of maximal combs with
respect to V has been reduced by one while preserving the optimality of the solution. Specifically, let T1 be one of the combs
of T∗ that are maximal in V , and suppose, without loss of generality, that both connected components T2 and T3 of T∗ \ T1

contain at least one leaf indexed by a vertex in V . Let i1, . . . , im1 denote the leaves of T1, for some integer 0 < m1 < p – 1, and
assume, without loss of generality, that τT1

ijij+1
= 3 for all j = 1, . . . , m1 – 1. Since i1 and im1 are the extremals of T1 and the comb

is maximal in V , there must exist two leaves λ1,λ2 ∈ L such that τT∗

i1λ1
= τT∗

im1λ2
= 3. Now, recall that T∗ is a caterpillar by

Proposition 10, hence, there exists a total order

2 < τT∗

i1a1
< . . . < τT∗

i1am2
, (4)

where {a1, . . . , am2 } = ΓE(T2, i1). Similarly, we have another total order

2 < τT∗

i1b1
< . . . < τT∗

i1bm3
, (5)

where {b1, . . . , bm3 } = ΓE(T1, i1) ∪ ΓE(T3, i1); see Figure 8.

Now, consider the effect of swapping i1 with λ1. In this case, all path-lengths τT∗

i1aj
for j = 1, . . . , m2 either increase or decrease

by one unit, depending on the structure, while an opposite change occurs for all path-lengths associated with the leaves in
(Γ(T1) \ {i1}) ∪ (Γ(T3) ∩ V).

Analogously, if we swap i1 with i2, the second leaf in the ordering of T1, all values τT
i1bj

either increase or decrease by one,
while the opposite change is observed for the leaves in Γ(T2) ∩ V and (Γ(T1) \ {i1, i2}) ∪ (Γ(T3) ∩ V). Then, swapping i1 with
λ1 yields a new feasible solution T ′′ in which the cost changes by an amount equal to∑

aj∈ΓE(T2,i1)

(τT∗

i1aj
– 1) +

∑
bj∈ΓE(T1,i1)∪ΓE(T3,i1)

(τT∗

i1bj
+ 1) –

∑
aj∈ΓE(T2,i1)

τT∗

i1aj
–

∑
bj∈ΓE(T1,i1)∪ΓE(T3,i1)

τT∗

i1bj
,
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r1 r2

Γ(TU) L Γ(TW )

F I G U R E 9 An example of a cubic tree from the family described in Proposition 11, partitioning the vertex-set V , with
|V | = 4, into two subsets Γ(TU) and Γ(TW ).

with respect to the cost of T∗. Similarly, swapping i1 with i2 yields a new feasible solution T ′′′ in which the cost changes by an
amount equal to ∑

aj∈ΓE(T2,i1)

(τT∗

i1aj
+ 1) +

∑
bj∈ΓE(T1,i1)∪ΓE(T3,i1)

(τT∗

i1bj
– 1) –

∑
aj∈ΓE(T2,i1)

τT∗

i1aj
–

∑
bj∈ΓE(T1,i1)∪ΓE(T3,i1)

τT∗

i1bj
+

∑
a′j ∈ΓE(T2,i2)

(τT∗

i2a′j
– 1) +

∑
b′j ∈ΓE(T1,i2)∪ΓE(T3,i2)

(τT∗

i2b′j
+ 1) –

∑
a′j ∈ΓE(T2,i2)

τT∗

i2a′j
–

∑
b′j ∈ΓE(T1,i2)∪ΓE(T3,i2)

τT∗

i2b′j
,

with respect to the cost of T∗, where {a′1, . . . , a′m′
2
} = ΓE(T2, i2) and {b′1, . . . , bm′

3
} = ΓE(T1, i2) ∪ ΓE(T3, i2). By applying

Proposition 9 first to the sequences (4) and (5), and then to the sequences {a′i}
m′

2
i=1 and {b′i}m′

3
i=1, one of the following three cases

holds:

• z(T ′′) > z(T∗);

• z(T ′′′) > z(T∗);

• z(T ′′) ≤ z(T∗) and z(T ′′′) = z(T∗).

The first two cases contradict the optimality of T∗. In the third case, fix i1 in its current position and proceed by applying the
same analysis to the swap between i2 and i3. If no improvement is found, we move to the next pair of vertices, and we iterate
this swapping approach until terminating in one of the following two scenarios:

• either the final swap between im1 and λ2 provides an increment of the total cost, contradicting the optimality of T∗;

• or, none of the swaps modifies the total cost. In this case, we can cyclically permute the positions of these leaves without
affecting the objective: indeed, each ij takes the place of ij+1, for j = 1, . . . , m1 – 1, im1 takes the place of λ2, and λ2 fills the
position originally occupied by i1, which has been vacated by the shift. Because this operation preserves feasibility and
cost, we get a new feasible solution to the problem where T1 is still a comb, but differs from T∗ for the path-lengths of
the extremals with respect to the cherries. Then, we can perform these cyclic swaps τT∗

i3,b1
– 3 times, i.e., until we obtain a

unique comb T1 ∪ T3 without changing the total cost or improving it, by Proposition 9.

Thus, after having performed a finite number of swaps, we can conclude that either T∗ was not optimal, or that the comb T1 is
no longer maximal in V .

In conclusion, we can assume, without loss of generality, that the optimal tree T∗ contains exactly two disjoint combs, denoted
by TU and TW , both of which are maximal in V . Moreover, these two combs together cover all the vertices of V , i.e., Γ(TU) ∪
Γ(TW ) = V .

It is important to note that the optimality of T∗ further implies that the connected components of the tree obtained by removing
TU and TW from T∗, namely T∗ \ (TU ∪TW ), consist precisely of the two singleton vertices {r1} and {r2}, as well as an additional
comb component CL, whose leaves are indexed by the set L (see Figure 9). Therefore, to finalize the construction, it suffices
to define the connected components CU = TU ∪ {r1} and CW = TW ∪ {r2}. These components, together with CL, yield the
required partition of T∗ into three connected components with the desired leaf indexing properties. Thus, setting U = Γ(TU)
and W = Γ(TW ) completes the proof.

We now show that the partition of G provided by Proposition 11 constitutes an optimal solution for the given instance of
the MCP. To this end, let z∗ be the cost of any solution to the Max-(3, τ )-NDP such that the cut induced by the partition
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of Proposition 11 is optimal for the corresponding MCP instance. Let δ∗ be the cardinality of such a solution. Similarly, let
z′ denote the cost of any feasible solution to the (3, τ )-NDP for which the cut induced by the partition of Proposition 11 is
not optimal for the MCP instance. Denote by δ′ the cardinality of such a solution. Then, z∗ > ϕ1 = 2τT∗

r1r2
+ 2δ∗ℓ, since the

contribution to the cost of r1 and r2 is constant for any feasible solution in T max
(3,τ ) by Proposition 10 and τT∗

ij > ℓ for every i ∈ U
and j ∈ W by Proposition 11. While, z′ < ϕ2 = 2τT∗

r1r2
+ 4p3 + 2δ′(ℓ + p + 1), where p is the maximal path length between any

pair of leaves indexed by U or by W assuming that G[U′] and G[W ′] are cliques such that |U′| = |W ′| = p – 1. Both assumptions
give trivial upper bounds for any instance in T max

(3,τ ) not corresponding to an optimal solution to the MCP for G. By definition of
the input and maximum cut, ℓ > 3p3 + p2 and δ′ ≤ δ∗ – 1 < p2, and hence ϕ1 < ϕ2.

To conclude, for any optimal solution z∗ there is a partition of G splitting G with the most number of edges, i.e., an optimal
solution to the MCP for G. Hence, solving Problem 3 is at least as hard as solving the MCP for G.

Generalization.
As in the previous section, we briefly observe here that Theorem 4 can be easily generalized to any integer k > 3. Specifically,
let G1, G2, . . . , Gk–2 be k – 2 graphs isomorphic to G, then to account the hardness result of the Max-(k, τ )-NDP we consider
the following instance:

• Γ = V(G1) ∪ . . . ∪ V(Gk–2) ∪ L ∪ R = {r1
1, . . . , rk–1

1 , . . . , r1
2, . . . , rk–1

2 }, where L has cardinality (k – 2)ℓ for some ℓ > 0 and
rj

1, rj
2 ̸∈ V ∪ L for all j ∈ {1, . . . , k – 1};

• dij = 1 for all ij ∈ E(G1) ∪ . . . ∪ E(Gk–2);

• drj
1rj

2
= ω for all j ∈ {1, . . . , k – 1};

• and dij = 0 otherwise.

Then, (i) to note that for ω large enough, the optimal solution T∗ is a caterpillar belonging to Θk
n such that τT∗

rj
1rj′

1

= τT∗

rj
2rj′

2

= 2 and

τT∗

rj
1rj′

2

= (|Γ| – 2)/(k – 2) + 1 for all j ∈ {1, . . . , k – 1}; and (ii) to note that for ℓ large enough and thank to the separability of
the objective function, a similar result of 11 holds for any Gs. As a consequence, the above reduction must account for a scalar
factor k – 2 in any term involved. This term can be factored out without impacting the NP-hardness argument, by leading us
to the following general result:

Theorem 5. The Max-(k, τ )-NDP is strongly NP-hard for every integer k ≥ 3.

6 CONSEQUENCES FOR RESTRICTED AND NONLINEAR OBJECTIVE VARIANTS

We present here additional complexity results for certain variants of the problems discussed in the previous sections. These
results follow from direct adaptations of the earlier proof techniques.

On the complexity of the leaf-restricted k-NDP.
The objective function of the k-NDP measures the weighted path-length between all pairs of vertices in the input graph G.
In some practical applications, however (see, e.g.,28), this function may be restricted just to a subset of vertices of G, which
usually is requested to be the set of leaves of the spanning tree of G. One can verify that the k-NDP remains NP-hard even
under this restriction.

Specifically, by reusing the same notation and input construction as in the proof for the decision version of the k-NDP, it is
sufficient to observe that (i) by construction every spanning tree of G must include all edges in E(VR ∪ VS ∪ Vrs), hence the
cost Lw

T (R) is identical across all feasible solutions; (ii) for sufficiently large r, any optimal solution to the problem must belong
to T k, since for any feasible solution T ′ /∈ T k, there exist vertices u ∈ VS and v ∈ R such that Lw

T′ (u, v) = 4; and (iii) for any
T ∈ T k, the quantity Lw

T (Γ(T) \ (R ∪ M)) is constant, as |Γ(T)| = |R| + |S| – ℓ + |M|. It follows that the NP-completeness result
extends to the considered restriction of the k-NDP, and the following result holds:

Theorem 6. Given a graph G = (V , E) of Gk
n and a weight function w : E → Q+, find a spanning tree T of G belonging to Θk

n

that minimizes
∑

i,j∈Γ(T) Lw
T (i, j) is strongly NP-hard.
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On the complexity of the fixed-tree Min-(k, τ )-NDP and Max-(k, τ )-NDP.
In the proofs of Theorems 2 and 4, respectively, we were able to fix the topology of the trees that are candidates for being
optimal solutions by assuming that γ and ω are sufficiently large. Thus, without invoking Propositions 7 and 10, respectively,
the reductions used for the Min-(k, τ )-NDP and the Max-(k, τ )-NDP remain valid even when we restrict feasible solutions to
share the same topology, by leading to the following results:

Theorem 7. Given Gk
n, a matrix DΓ = {dij} and Γ-tree T, finding a Γ-tree isomorphic to T that minimizes

∑
i,j∈Γ dijτ

T
ij is

strongly NP-hard.

Theorem 8. Given Gk
n, a matrix DΓ = {dij} and a Γ-tree T, finding a Γ-tree isomorphic to T that maximizes

∑
i,j∈Γ dijτ

T
ij is

strongly NP-hard.

On the complexity of the (k, f )-NDP.
We denote (k, f )-NDP the variant of the k-NDP in which we replace every Lw

T (u, v) by f (Lw
T (u, v)), where T is a tree of Θk

n, and
f : R+ → R+ is strictly increasing and such that ax ≤ f (x) for some a > 0. Now, as f (x) ≥ ax, similar results to Propositions 2
and 3 hold for the (k, f )-NDP. In particular, note that the requirement on the size of |R| can be considered fixed for every such f .
Indeed, if f (x) = ax, then the objective function is nothing but a ·Lw

T (V), while if f grows faster than any linear function, the size
of R can be taken even smaller then the one suggested. Thus, the instance given remains polynomially bounded in m. Therefore
the following result holds:

Theorem 9. The (k, f )-NDP is strongly NP-hard for every integer k ≥ 3.

On the complexity of the Min-(k, f (τ ))-NDP.
We denote Min-(k, f (τ ))-NDP the variant of the Min-(k, τ )-NDP in which we replace every τT

ij by f (τT
ij ), where T is a Γ-tree,

f : R+ → R+ is strictly increasing and such that ax ≤ f (x) ≤ bx for some a > 0 and b > 1. Now, as f (x) ≥ ax, similar results
to Propositions 4, 5, 6, and 8 holds for the Min-(k, f (τ ))-NDP. Moreover, as f (x) ≤ bx, then the new value of the parameter s
of the instance defined for proving the hardness result of the Min-(k, τ )-NDP remains polynomially bounded in p, and so is the
size of the input matrix DΓ. It is easy to see that the same holds for all the other parameters M, γ1, γ2, and γ3. Therefore the
following result holds:

Theorem 10. The Min-(k, f (τ ))-NDP is strongly NP-hard for every integer k ≥ 3.

On the complexity of the Max-(k, τα)-NDP and the Max-(k,βτ )-NDP.
We denote Max-(k, τα)-NDP and Max-(k,βτ )-NDP the variants of the Max-(k, τ )-NDP in which we replace every τT

ij by (τT
ij )α

and βτT
ij , respectively, where T is a Γ-tree, α ≥ 1 and β > 1 are real numbers. While we already proved Proposition 9

for every α ≥ 1, one can see that similar results to Propositions 10 and 11 hold for the Max-(k, τα)-NDP when assuming
ℓ > max{2p,

(
2pα+2 + p2(p + 1)α

) 1
α } and ω > p2(p + ℓ + 1)α.

Theorem 11. The Max-(k, τα)-NDP is NP-hard for every integer k ≥ 3 and α ≥ 1.

The reduction described in Section 5 does not extend to the to the Max-(k,βτ )-NDP. In fact, in this setting the input size
n = ℓ + p + 2 becomes exponential, since ℓ must grow much faster than any polynomial in order to ensure the optimality of the
partition (U, W) in the corresponding instance of the reduction for the MCP with input graph G.

To the best of our knowledge, the bounds achievable in the two cases above are not sufficient to ensure that the size of the
corresponding instances remains polynomial. Thus, the computational complexity of these last two problems remains an open
question.
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